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TESTING HYPOTHESIS ON STABILITY
OF EXPECTED VALUE AND VARIANCE

The simple samples are independently taken from normal distribution. The two functions of the
sample means and sample variances are considered. The density functions of these two statistics have
been derived. These statistics can be applied for verifying the hypothesis on stability of expected
value and variance of normal distribution considered, e.g., in statistical process control. The critical
values for these statistics have been found using numerical integration. The tables with approximated
critical values of these statistics have been presented.
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1. Introduction

One of the problems of statistical process control is considered. It is a procedure (so
called control charts) for monitoring stability of the expected value and the variance of
diagnostic variables. We assume that during the first k£ > 2 periods the mean values of
a diagnostic variable are the same but unknown. The same situation is with the variance
of the variable. The unbiased estimators of the expected value x and the variance o
evaluated on the basis of data observed in the first & periods and the & + 1 period are X ,
S and X v+ and ‘§k+l , respectively. Our problem is the following: is the process (char-
acterized by the diagnostic variable) stable in all of the periods? If yes, the distances:
|X-X,, | or |S—S,.,| should not be significant. Such a problem is considered, e.g.,
in [4]. More formally, we have the problem of testing the hypothesis
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Hy:E(X,,)=EX) and E(S{,)=E(S").

We are going to construct a test statistic for this hypothesis in the next paragraphs.

2. Basic definitions and properties

Let J, be a column vector consisting of a element equal one and let I, be a unit
matrix of degree a. Moreover, let X=[X;,X,,0, X500y X;,;], Where

X; =X Xjgpeen Xy X, 1 (= 1,2, .kt 1L E22,7=1,2, ..., m).

iy

We will consider the following statistics:

— 1& = 1 :
XZZZX.n.:—XJ where nzzni,

i=1

n; . ) ) T
87 = ! Z(ng_Xi)zzwa M,-=In.—iJn,.J§,.,

i = n; —1 n;

:—Z(n k)S? = kXMXT M=[M,],

where M; is the block-diagonal matrix of degree #,

1l & .- -, XMX' 1.
— Y (X, -X)'n, = , N=I,-M-—-J,J
2 X - X = —— M-

n-n?

where S’f is the sample variance within the i-th group, S? is the mean of group vari-
ances and S? is the variance between groups. Moreover, let us note that Ml.2 =M,,
M?=M and N*=N

The particular case of the theorem on independence of the quadratic or linear

forms of normal vectors corresponding to our problem is as follows (see [3], pp. 224
and next).
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Theorem 1. Let X have a non-singular normal distribution N(zJ,, o°1,) and
0, = XAX', O = XBX’, L = Xa where a is a column non-random vector, A, B are
symmetric and non-random matrices of degree n each. Then, the set of necessary and
sufficient conditions for Q4 and QO; to be independently distributed is a) AB = O or b)
ABJ, = 0. The quadratic form Q, and the linear form L are to be independently dis-
tributed if and only if Aa = 0.

On the basis of this theorem we can show that the statistics in the following pairs

are independently distributed (X .S D, (X ,52), (3'2 .S %). Moreover, the statistics
X,,,,S2,, are independent and they are independent of each of the statistics X,S>

and S2.
The obtained result and the well known definitions let us derive the following dis-
tributions:

Z:L_XI:N(OJ). (1)

ol—+—

M 1

Moreover,

k-1)S?
U, 2%311?—1’ )

n—k)S?
Uzz%vffk ®)

and
o2
U, =S e gk @)
o :

On the basis of these expressions we have

2_2
R =25 Pk, s)
2 2
F2=ZS3 F(Ln—k), )
§2
F3: Sf;l:F(nkH_l’n_k)’ (7)
St

Fy ==L P, —Lk-1), )
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where F(r, m) denotes the well known F distribution with » and m degrees of freedom
and the following density function:

r(;w;j .
f(g)z—m(ij g—l()l(o,oo)(g)' )
F(rj_ F(j m [ jZ ram

L}
2

r
2 2 I+—g
m

3. The statistics Q; and 0,

Let us consider two statistics Q; and O, given as follows

A 2
z* (8P
Q1=F1+(1%—1)2=?+(%—1j : (10)
A 2
z* (8P
Q2:F2+(F4_1)2:?+[%—1j ) (11)

where F'| — F, are defined by expressions (5)—(8), respectively.

On the basis of the previous results the distributions of the random variables Z, U,,
U, and U, + are independent. Finally, this and the fact the samples are independent
lead to the conclusion that the distributions of the statistics F; and F as well as the
distributions of F, and F} are independent.

The density function of random variable F7 is as follows:

)
2 1 1 (12)

1 = I . ’
(9 F(lj.r[k_lj\/(k—l)g( R 0.(8)

I+——=—
2 2 k-1

where

1 xeAd

[A(x):{o xgd
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The density function of random variable F is:

Fn—k+1j
O~y o (@ (13)
Oy
2 2 1+ y

The density functions of F5 and F are as follows:

I

2
f(8)=¢c d rn—k I(o,oo)(g) > (14)
[1+ d ?
n—kg
I
g?
fi(&)=¢, T hl [(O,w)(g)‘ (15)
2
I+——-
[ Kk—1%

where r = i — 1 and

F( r+n— k)
o= 2
L=
G
2 2
Let us derive the distribution of random variable (F5 — 1)>. If b = g — 1 then we
have g = b+ 1 and dg = db and

[ SR

Cv T
R ar s

2 2

I
(b+1)2

S3a(B) =¢3 Fr—" [(O,w)(g)' (16)
(n—k+r+ r 2

b
n—k n—k

1

2y

When v = b°, then we have b = ++/v and |db|= If be (~1,0], then b =—/v

and for b€ (0,1), we have b=+v.
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If vel[0,1)
! (1= (1)
fsb(v)zc3 2\/_ r+n—k + r+n—k
v (n—k+r_ r \/;J 2 (n—k+r+ r \/;j 2
n—k n—k n—k n—k
If ve[l,) then
1 (A+~v)?2
féb(v):c:; 2[ r+n—-k °
v (n—k+r+ r \/;j 2
n—k n—k

We can write the density function of (F;— 1)” in the following way

I
1-/v)2
( ) e Loy (M +
[n—k+r_ r \/;J 2

n—k n—k

1
Sa(V)=¢; 2\/;

L
(1++/v)?
ot L0y (V) |-
[n—k+r+ rk\/;j 2

n—k n-—

a7

(18)

(19)

If W: F(1, k — 1), then the density function of W is given by expression (12). Let
be the random variable of F distribution with » and n-k degrees of freedom. The den-
sity function of V is given by (19). Now, we are going to evaluate the density func-
tions of the random variable: O, = W + V. The density function of the statistic Q; is as

follows

(@)= [ £ () fi(g = v)av
0

(20)
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L
0 1——\/;2
h(q)= C1j ( ) pr—" 1(0,1)(")
ol (n—k+r r 2
_[ n—k _n—k\/;J
L
1++/v)> 1
+ ( ) r+n—k I(Oaw)(v) ’ k
n—k+r r 2 —v\2
+ _ _ g-vy
[ n—k n—k\/;j | \/(k Dv(g V)(H_k—lj

where

¢ =

) A7) oy
zr(;jf(kz—l) F(;j,r(n;kj(nkj |

Similarly, the density function of Q, is derived in the following way.

(@)= [ £1s0) f3 (g =)y,
0

where i, is the density function of (F;— 1)*

I
_ 2
Ju()=¢ \1/— ( \/;) k-1 ][0,1)(")
2y [k—l+r_r\/;)2
|\ k-1 k-1
RSO

e lon (M|

(k—1+l’+ r \/;J 2

k-1 k-1

b

79

21

(22)

(23)



80 G. KoNCzAK, J. WYWIAL

Finally, the density function /,(g) of the statistic O, is as follows

L
_ 2
< \/;) e Loy (V)
[k—1+r_ r ng 2

h(q)=c,

o =38

k-1 k-1
L
2
T o R ——TY
k=1+r r T2 \/(n—k)v(q—V) g-v) 2
+ \/; 1+
k-1 k-1 n—k

where

A AT
AT

The distribution functions of Q; or O, are evaluated by means of the following in-

tegral

H,(q)=P(Q, <q)= [ h(s)ds, I=1,2. (25)
0

For the given significance level « the quantil ¢, ,is determined on the basis of the
integral:

Th" (sYds=«a. (26)

9o

4. Numerical computations

An exact solution of equation (26) is very difficult. In this situation, the quantiles
of O; and O, can be found using numerical integration (see, e.g., [2], [1]). The quan-
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tiles were found for three significance levels (o = 0.01, 0.05, 0.1). Table 1 presents
quantiles of the statistic O; and Table 2 presents quantiles of the statistic O,. These
quantiles were evaluated for the case ny =n,= ... = n; = n;+ | = 5. These quantiles have
been evaluated for the numbers of groups & from 4 to 10 and for 15, 20, 25 and 30.

Table 1
Quantiles of statistic O,
Number of Significance level a
groups k 0.10 0.05 0.01
4 5.85 10.38 31.19
5 4.86 8.08 21.43
6 4.36 6.96 16.75
7 4.06 6.31 14.21
8 3.86 5.90 12.67
9 3.72 5.61 11.64
10 3.62 5.40 10.92
15 3.34 4.85 9.15
20 3.23 4.62 8.45
25 3.16 4.50 8.08
30 3.12 4.42 7.85
40 - = 0.1
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Fig. 1. The graphic display of quantiles of statistic O for significance level & = 0.1, 0.05 and 0.01

The Figure 1 presents quantiles of the statistic O, for the significance levels 0.1,
0.05 and 0.01. These quantiles are presented for the same cases as in Table 1. Figure 2

presents the same results as Figure 1 but for the statistic 0.
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Table 2
Quantiles of statistic O,
Number of Significance level &
groups k 0.10 0.05 0.01
4 342 5.00 10.71
5 3.30 4.76 9.41
6 3.23 4.62 9.21
7 3.18 4.53 8.34
8 3.15 4.46 8.07
9 3.12 4.41 7.88
10 3.10 4.37 7.74
15 3.04 4.26 7.39
20 3.01 4.20 7.23
25 2.99 4.17 7.21
30 2.98 4.15 7.10
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Fig. 2. The graphic display of quantiles of statistic O, for significance level o= 0.1, 0.05 and 0.01
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Testowanie hipotezy o stabilno$ci warto$ci oczekiwanej i wariancji

W pracy jest rozwazane zagadnienie jednoczesnej stabilnosci wartosci przecigtnej i wariancji. Proby
proste sa pobierane niezaleznie z populacji o rozkltadzie normalnym. Rozwaza si¢ dwie funkcje $redniej
i wariancji z proby. Dla rozwazanych statystyk zostaly wyprowadzone funkcje ggstosci. Proponowane
statystyki moga by¢ wykorzystane do weryfikacji hipotezy o stabilno$ci wartoSci oczekiwanej i wariancji
dla rozktadu normalnego. Hipoteza taka moze by¢ rozwazana np. w statystycznym sterowaniu procesem
przy konstrukcji kart kontrolnych. Bardzo trudne jest doktadne wyznaczenie kwantyli rozwazanych staty-
styk. Dlatego wartosci krytyczne dla tych statystyk zostaly wyznaczone dla trzech zwykle uzywanych
pozioméw istotnosci (a = 0,01, 0,05 1 0,1) dla prob o liczebnosciach od 4 do 30 z wykorzystaniem cat-
kowania numerycznego. Zaprezentowano tablice wartosci krytycznych dla tych statystyk. Zaproponowa-
ne statystyki 1 wyznaczone wartos$ci krytyczne moga by¢ réwniez przydatne do wykrywania zmian w proce-
sach produkcyjnych.

Stowa kluczowe: funkcja gestosci, wariancja z proby, test, numeryczne catkowanie, statystyczna kontrola
procesu



