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The presence of input congestion is one of the key issues that result in lower efficiency and per-
formance in decision-making units (DMUs). So, determination of congestion is of prime importance,
and removing it improves the performance of DMUs. One of the most appropriate methods for detecting
congestion is Data Envelopment Analysis (DEA). Since the output of inefficient units can be increased
by keeping the input constant through projecting on the weak efficiency frontier, it is unnecessary to
determine the congested inefficient DM Us. Therefore, in this case, we solely determine congested ver-
tex units. Towards this aim, only one LP model in DEA is proposed and the status of congestion (strong
congestion and weak congestion) obtained. In our method, a vertex unit under evaluation is eliminated
from the production technology, and then, if there exists an activity that belongs to the production
technology with lower inputs and higher outputs compared with the omitted unit, we say vertex unit
evidences congestion. One of the features of our model is that by solving only one LP model and with
easier and fewer calculations compared to other methods, congested units can be identified. Data set
obtained from Japanese chain stores for a period of 27 years is used to demonstrate the applicability of
the proposed model and the results are compared with some previous methods.
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1. Introduction

Evaluation of decision-making units (DMUs) performance and efficiency is a sig-
nificant topic for many researchers and scholars. One of the most efficient methods for
assessing the relative efficiency of peer DMUs based on LP is data envelopment analysis
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(DEA). DEA is a non-parametric method used to assess homogenous DMUs that consume
multiple inputs to produce multiple outputs. The two basic DEA models are CCR model
proposed by Charnes et al. [1], and BCC model proposed by Banker et al. [2], which rely
on constant returns to scale (CRS) and variable returns to scale (VRS) assumption, re-
spectively, to obtain relative efficiency of DMUs.

The existence of congestion in inputs is one of the factors that decrement the effi-
ciency of DMUs. Congestion is an event in the production processes in which the incre-
ment in one or more inputs does not increase outputs. According to the definition, con-
gestion can be considered as a shortage in outputs. Eliminating congestion leads to
improved performance and efficiency of DMUs. A real sample of congestion is coal
mine where the miners are working in narrow crowded shafts and pits, the amount of
minerals extracted will be reduced [3].

Many studies have been carried out to evaluate congestion in DEA context. The
study of congestion was started by Fire and Svensson [4]. Their study was later devel-
oped by Fire and Grosskopf [5] who presented a model based on DEA for detecting
congested DMUs.

Fire et al. [6] suggested two DEA models in input-oriented and output-oriented (called
FGL approach) for identifying congested units, but their method could not compute its
value. The detecting congestion issue was seriously investigated by Cooper et al. [7]. They
played a major role in determining DEA-based congestion: for instance, they proposed
a slack-based approach (called CTT model), which evaluated the congested units and
calculated the amount of congestion in each input. Bracket et al. [8] (called BCSW
model) extended CTT model to examine the tradeoff between employment and output.
Cooper et al. [9] integrated the two stages of CTT approach into a single model to de-
termine congestion. Next, Jahanshahloo and Khodabakhshi [10] suggested one LP
model for determining input congestion based on relax input combination for improving
outputs. Next, Khodabakhshi [11] explored the input congestion in stochastic DEA.
Also, Wei and Yan [12] investigated the necessary and sufficient conditions for the oc-
currence of congestion according to the type of returns to scale (RTS) due to DEA effi-
ciency. Also, Tone and Sahoo [13] defined a new production possibility set (PPS) with
the assumption of convexity and strong output disposability and omitting input possi-
bility postulate named Tconvex. They introduced the new concepts of “strong congestion”
and “weak congestion” and proposed to identify the congested DM Us.

Some previous studies deal with the problem of determining congested inefficient
units. According to these studies, the congested inefficient unit is defined at its efficient
projection, which is determined via the congestion-based DEA model. If multiple pro-
jections occur, one of them is chosen arbitrarily, whereas choosing any of the efficient
projections leads to changes in their congestion status. To overcome this problem, fur-
ther studies have been conducted on this crucial issue. For instance, Sueyoshi and
Sekitiani [ 14] propose the definition of “wide congestion” which covers both strong and
weak congestion and suggest an approach that produces a unique optimal solution and
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a unique projection for inefficient units. Then, two DEA models are proposed which
could uniquely determine the status of wide congestion. Mehdiloozad et al. [15] propose
an LP model for identifying the max projection of units (as reference unit) and demon-
strate that the congestion status of DMUs is similar to the status congestion of their
reference unit. Also, Shadab et al. [16] suggest a novel algorithm through making the
connection between the S-shape form of production function and the geometric proper-
ties of the anchor points to identify weakly and strongly congested DMUs and conges-
tion amount without determining the efficiency value. Adimi et al. [17] introduce the
concept of congestion hyperplane without considering the efficiency value of DMUs to
determine congested units. Kerstens and Van de Woestyne [18] illustrate how measur-
ing congestion based on traditional radial input-oriented efficiency measures deals with
some limitations and may underestimate the amounts of congestion. Therefore, they use
an asymmetric efficiency measure to detect the presence of congestion and measure its
amount. Also, they show that the technical efficiency score increases when the produc-
tion technology exchanges from VRS to CRS assumption, while there is no such rela-
tionship when comparing the existence of congestion under the VRS and CRS assump-
tion. In some previous studies, conventional DEA models were proposed to determine
congested efficient and inefficient DMUs. Congestion of inefficient DMUs is defined at
its efficient projection, which is placed on the efficiency frontier. In this case, the output
of inefficient units can be increased by keeping their inputs constant and the perfor-
mance of inefficient units can be improved. Therefore, it is not necessary to explore
congested inefficient units.

The features of some models which are compared with the proposed model in this
study are summarised in Table 1. In this study, a novel method is proposed to determine
congestion of vertex units of production technology in the absence of input disposability
postulates. For this purpose, we suggest a new LP model to obtain vertex DMUs. Then,
we remove the vertex DMU under evaluation from the production technology. After-
wards, the omitted DMU is compared with other DMUs of the production technology
and the status of congestion determined. Besides, we offer a new definition for identi-
fying the congestion status of vertex units and based on it, a novel linear model is pro-
posed that determines congested units with fewer and easier calculations. Lastly, by
presenting a theorem, we establish a relationship between the supporting hyperplane of
the Production Possibility Set (PPS) and the proposed congestion definition.

In this study, a novel method is proposed to determine congestion of vertex units of
production technology in the absence of input disposability postulates. For this purpose,
we suggest a new LP model to obtain vertex DMUs. Then, we remove the vertex DMU
under evaluation from the production technology. Afterwards, the omitted DMU is com-
pared with other DMUs of the production technology and the status of congestion de-
termined.

We define a new definition for identifying the congestion status of vertex units and,
based on it, a novel linear model is proposed that determines congested units with fewer
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and easier calculations. Lastly, by presenting a theorem, we establish a relationship be-
tween the supporting hyperplane of the Production Possibility Set (PPS) and the pro-
posed congestion definition.

Table 1. Literature review of some congestion methods

Model features Structure Reference
VRS: radial, output-oriented, input disposability, [6]
determining only existence or non-existence of congestion

VRS: output-oriented, non-radial, input disposability,

determining the amount of congestion, traditional [8]
project inefficient DMUs on BCC-efficiency frontier DEA models

VRS: output-oriented, non-radial, input disposability,

determining the amount of congestion, [3]

project inefficient DMUs on BCC-efficiency frontier

VRS: output-oriented, non-radial, input disposability,
determining the amount of congestion and congestion status,
relationship between congestion and return to scale (RTS),
project inefficient DMUs on BCC-efficiency frontier

VRS: output-oriented, non-radial, omitting input disposability, two-stage
determining the amount of congestion and congestion status, algorithm [13]
project inefficient DMUs on Tconvex-efficiency frontier
VRS: output-oriented, non-radial, omitting input disposability,
determining the amount of congestion and congestion status, [14]
project inefficient DMUs on Tconvex-efficiency frontier
VRS: output-oriented, non-radial, omitting input disposability,
determining the amount of congestion and congestion status, traditional [15]
defining a dominant cone, DEA models

determining the max projection of inefficient DMUs

The rest of this paper is organised as follows: Section 2 contains some preliminaries.
In Section 3, the new model is proposed to detect congestion of a DMU. In Section 4,
the results of the proposed models in the case study are provided. Eventually, Section 5
includes some conclusions.

2. Preliminaries

The production possibility set (PPS), also called production technology, is defined
as the set of all inputs and outputs of a system in which outputs can be produced from
the inputs. PPS plays a pivotal role in performance evaluation and productivity analysis.
There are several methodologies in the literature to estimate the PPS. Two of the most
important methods for estimating the PPS, which are empirically constructed from the
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observations by assuming several postulates, are data envelopment analysis (DEA), and
free disposal hull (FDH). DEA is classified as convex technology, while FDH is as non-
convex technology. Throughout the paper, we assume that the dataset fits the convex
set.

2.1. DEA

Suppose that there is a set of peer observed DMUs (DMU,, j =1, ..., n) which each
DMU; consumes non-zero input vector x; =(x,;,..., x,;) to produce non-zero output
vector y; =(¥,;,-..» ¥;)- We also assume that there is not any duplicated DMU. More-
over, suppose that each DMU;, j=1,...,n can be expressed in terms of its input and
output vectors as D; =(x,,y; ). The superscript ¢ stands for transpose.

The PPS is presented as follows:
PPS ={(x,y):y can be produced by x}

Banker et al. [2] introduce the following PPS which is denoted by 7, regarding the
variable return to scale (VRS) assumption of production technology:

T, ={(X, y)

Z/ljijx, z&j.yj >y, z/ijzl,ﬂ,j >0, j=l,...,n}
j=1 J=1 J=1

T, satisfies the postulates of inclusion of observations, convexity, strong disposabil-
ity of inputs, strong disposability of outputs and minimum extrapolation. 7, is an un-
bounded convex polyhedral set.

PPS with the elimination of DMU, from the technology of 7, can be obtained as

follows:

T, = (x,y)Z;tjijx, Zﬂj.yj.Zy, Z@,:l,@,zo, j=lL..,n, j#o
= Jj=1 Jj=1

J#o Jj#o J#o

Let DMU, be the observed activity under evaluation. Banker et al. [2] proposes the
following output-oriented model (BCC model) to evaluate the efficiency of DMU, un-
der VRS assumption:
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max ¢+ e(i s +ZS: s)
i=1 r=1
S.t.

n
Z Ax;+s; =x,, Vi
J=1

n (M
Zﬂ‘jy;_«j _Sr :¢yro’ Vl"
Jj=1

2’1.1':1

j=1

o ..
A;,s7,80 20, Vj,i,r
where (11, - /1n) are the intensity variables.

Definition 2.1 (strong efficiency). DMU, is called BCC strong efficient if and only
if @ =1 and all optimal slacks variables in each alternative optimal solutions is zero,

i.e., in all optimal solutions s** = 0, and s~ = 0. Superscript asterisk (*) indicates opti-
mality.

Considering (v,u,u,) as the vector of dual variables associated with constraints
of (1), the dual of model (1) can be written as:

m
min z VX, —U,
—

s.t.
i uy, =1
r=1

S m
Zuryrj —Z vx; +u, <0, Vj
r=1 i=1

u.,v,2€, Vr,i

)

u, free

The supporting hyperplanes of 7, are determined as

H —{(x, y)e R™

(w,v,u,) =

uy —vx+u, =0}
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where (u, v) # 0 is the normal vector and —u, is the level value of the hyperplane that
can be achieved from the model (2). The hyperplane H , ,, , supports 7, at (x,,y,)

if(x,y)e T, for each uy —vx+u, <0and uy, —vx, +u, =0.

Definition 2.2 [19]. According to VRS technology, a strong efficient DMU is called
a vertex unit, if it cannot be written as any strict convex combination of two distinct
points of T,.

2.2. Congestion

A unit is confronted with congestion if an increase in one or some inputs decreases
one or some outputs without worsening the rest of inputs or outputs. The existence of
congestion reduces the efficiency of DMUs, so determining it is highly regarded.

According to the input disposability postulate, we have:

(x,y)eT, x2x&(X,y)eT,

In the absence of input disposability postulates, Tone and Sahoo [13] introduce a
new production technology with VRS assumption as following and named it Teonvex.

7—vcol‘lvex = {(X’ y)

Z/Ijxj =X, Z/ijj >y, z/ijzl,/lj >0, j=1,...,n}
j=1 j=1 J=1

Teonvex 1s @ bounded convex set that satisfies the postulates of inclusion of observa-
tions, convexity, strong disposability of outputs, and minimum extrapolation.

Definition 2.3 (efficiency). DMU, is called efficient concerning Teonvex if and only
if in model (3), @ =1 and all optimal slacks are zero (s*" = 0) [13].

S
max @+ 82 st
r=1

S.t.

Zl Ax;=x,, Vi
B + 3
Z//ljy;_f/’:¢yro+sr’ vr

I=

iﬂ,— =1
=1

/'tj,sr+ >0, Vj,r
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PPS with the elimination of DMU, from the technology of T. can be obtained

convex

as below:

T;:onvex\o = (X9y) Z/ljxj =X, Zﬂ‘/yj Sya Zﬂ‘j :174/ 209 j:L‘-')n’ J¢0
Jj=1 j=1 Jj=1

J#o j#o J#o

Many methods have been developed to investigate congestion by solving the con-
ventional DEA models. One of these studies is by Tone and Sahoo [13]. They propose
an algorithm to find out congested DM Us and identify the status of congestion via pro-
posing the concept of ‘strong congestion’ and ‘weak congestion’ as follows for the first
time.

Definition 2.4 (strong congestion). DMU, is strongly congested if it is an efficient
unit with respect to Tconvex and there exists an activity (X,y)e 7, such that

X=ax,(0<a<l) and y= By, (f>1]).

Definition 2.5 (weak congestion). DMU, is weakly congested if there exists an
activity (X, y)e T, that consumes fewer resources in one or more inputs to produce

onvex

more products in some outputs, i.e., X<X,,y 2>y, and y#y,.

3. Identifying congestion in DEA

In this section, we propose a new method to identify congested DMUs and deter-
mine the status of congestion (strong or weak). To this aim, a vertex unit of Tconvex 1S
eliminated then if there exists an activity in Tconvex With lower inputs and more outputs
as compared with omitted unit, we say vertex unit evidences congestion.

Regarding to Tionvex @ vertex unit can be defined as below.

Definition 3.1 (vertex unit). An efficient DMU, = (x,,y,) is a vertex unit of Teconvex
if it is an extreme point, and the set of vertex points of Ttonvex 1S denoted by ETeonvex -
According to the following theorem, vertex units of Tconvex can be obtained. Notice

that the objective function of model (4) is to minimise the intensity variable associated
with DMU  (the unit under assessment).
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Theorem 3.1. DMU, = (x,,y,)is a vertex unit of Tconvex if and only if the optimal
objective function of model (4) is equal to one (4, =1), and it is not an extreme efficient

unit if and only if A, =0.

* .
A, =min 4,

S.t.

Z}ﬂjxij:xm, Vi (4.0
J=

n 4
DAY, 2y, Vr (42) “)
Jj=1
Z 4; =1 (4.3)

J=1
4,20, Vj

Proof. Suppose that DMU, = (x,,y,)is a vertex unit of Teonvex. Let 1" =(4,..., 4)

be an optimal solution of model (4). On the contrary, assume that 0< A’ <1 or A =0.

It follows from (4.3) that A’ <1. According to constraint (4.1), we have: Z ﬂ;xﬁ =x,.

=
n
It can be written as »_ A x, + 4 x,, = x,. Therefore,
=1

Jj#o

n

* * *
: i ﬂ‘_/"xi/' = xio - ﬂ’o'xio = (1 _Zo )xio
j=1

Jj#o

* * G 1 - Z*
Since 1- 4, >0, then dividing by 1-4,, we have »_ 0 /1’*) X; = X,
J=1 %

Jj#o

Moreover, according to constraint (4.2), we have Z /"t; Y, 2, Equivalently, it
=1

can be written as Z Ay, + Ay, 2y, So, Z Ay, 2=y,
j=1 j=1
oo oo
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5
n

Obviously, so dividing by 1-4, we have: Z " //1 =V, 2V, Also, from constrain
Vi B

Jj#o

n % n % " n l
(4.3), we have z /1_]. =1, then z /1j + A4, =1. Therefore, Z 1—’ =1L

*
J=1 J=1 =t ﬂ’oj
Jj#o J#o

Therefore, model (4) has a solution as /lj = /1:‘/ (1—/1: ) ,Ab=0for j=1,..,n, j#o.
Note that if 4, =0 then

24X =x, ®)
j=1
Jj#o
Z 2’:(.yr] 2 yro (6)
Jj=1

J#o
We consider two subcases from the constrain (6):

Case 1

;;0
Considering constrains (5) and (7) contradict extreme point of DMU, since it can

be written as any strict convex combination of the rest distinct points of Tconvex.

Case 2

DAy, >y, (8)
i=1
;#0

If Case 1 happens, then DMU, is not a vertex unit (note that we do not have any
duplicated DMU). If Case 2 happens, then it is not difficult to show that DMU, is not

efficient. These contradict the assumptions. Therefore, A, =1.
Assume that A, =1. On the contrary, suppose that DMU, is not a vertex unit of Teonvex.
Thus, it can be written as a strict convex combination of the rest of DMUs. So, there exists

r=(A,... 4, A, A,) such that Z:‘ AX,; =X, Z AV Z Vs Z A; =1. Thus, 4,=0
J= J= J=

Jj#o J#o J#o
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and A=(4,... 4 ,4.,,...,4,) is a feasible solution to model (4). The objective value
of (4) associated with this feasible solution is zero. This contradicts the optimality of
A, =1and the proof is complete. m

To find out congested DM U, we propose the following definition:
Definition 3.2 (congestion in DEA). Let DMU, = (x,,y,) be a vertex point of 7

convex *

The next two statements define the weak and strong congestion, respectively.

I. DMU, = (x,,y,) evidences weak congestion if there exists some (%, y)e T, ..,
suchthat X<x, and y>y_, y#vy,.

II. DMU, = (x,,y,) evidences strong congestion if there exists some (X, y)e T, ...,
such that X<x, and y>y,.

By the following definition, the applied method to determine congested units is in-
troduced:

Definition 3.3. Let DMU, = (x,,y,) be a vertex unit of T;,,.x. It is facing strong
(weak) congestion if and only if in model (9) ¢ >1 and s;” >0 (s;" >0 and s, #0)

Yfor ie{l,...,m} in any alternative optimal solution of (9).

m
@ =maxQ+£) s,

i=1
S.t.

z Ax;=x,—s;, Vi (9.1)

fizz

’n 9)
Z ﬂ’jyrj 2 ¢ym (92)

j=1

j#o

3 4,=1
j=1

J#o

4,520, Vi, j, j#0

Through the following theorem, we show that the definitions (3.2) and (3.3) are
equivalent.

Theorem 3.2. Let DMU, = (x,,y, )€ ET,

convex *

DMU, is strongly (weakly) con-
gested according to definition 3.2 if and only if the optimal value of an objective func-
tion of model (9) is positive, i.e., ¢ >1 and 5. >0 (s, =0 and s, #0) for
ie{l,..m}.
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Proof. Let DMU, = (x,,y,)€ ET,

tome @nd @ >1 and s, >0 for ie {1,...,m}. As-
sume that (¢", A", s™) is optimal solution of model (9). Besides, we consider all inputs

and outputs are positive, i.e., (X,,y,) >0 therefore:

V=D Ay, 20y,>y, (10)
Jj=1
o

=) Ax,=x,-s <X, (11)
j=1

j#o

Constraint (11) implies that x=)" A" x, =x,, —s,” <x,, for some ke{l,...m} .

Jj=1
J#o
Due to constraints (10) and (11), we have an activity (X, y) such that y >y, and x<x,.
Therefore, as based on definition (3.2), DMU, has strong congestion.
Assume that DMU, is strongly congested. Let (¢, 1",s”) be an optimal solution

to model (9). According to definition (3.2), there exist an activity (X,y) such that

y>y, and X<x,.As (X,y)e T, there exists some 4 = (/il, o, ) >0 such that:

onvex\o ?

> Ay, 29>y, (12)
=1
%= Ax, <x, (13)
j=1
J

Inequality (13) converts to Z /ijxl.j +5 =x, with §; >0 foreachie {1, .., m}.

J=1
Jj#o

Z Ay,
=

Moreover, by considering ¢ = min , weget 9>1. Wehave 1<p< ¢,

yFO
since the objective function of model (9) is in the maximising form. m
This completes the proof. The theorem can be proved for weak congestion easily.
Figurel depicts the proposed model graphically.
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Data gathering

Apply model 4

Is the DMU;
vertex unit?

l Yes

Apply model 9 for DMU;

Ifo">1
and s’ >0

Yes
DMU] is strongly
congested

¢ DMU; is weakly
congested

DMU; is not QEnd
congested

Fig. 1. The process of determining congested DMUs

Example 3.1. Now, we use Theorem 3.1 with the help of a numerical example origi-
nally used by Cooper et al. [9]. Consider 8 DMUs with single input (/) and single output (O)
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whose data set. Model (3) is solved to determine vertex units with respect to Tconvex.
Results are shown in Table 2. As can be seen, DMU,4, DMUp, DMU¢, and DMUp are

vertex units (/1; =1, j=4, B,C, D) and others are not. Now, we apply the proposed

model for these vertex DMUs. Model (4) is run and optimal solution is also shown in
Table 2. According to Theorem (3.2), only DMU)p has congestion because of ¢, >1

and s~ >0.

Table 2. Dataset of 8 DMUs and results of models (3) and (4)

DMU | 1 o\l r o e Ver‘tex Congf:sted
units units
A 1 | 05] 1 | infeasible | — 4 X
B 2 2 1 0.62 0 v X
C 3 2 1 1 1 v x
D 5 1 1 2 2 v v
E 4 1 0 — — X _
F 4 (1210 — — X _
G 4511210 — — X _
H 3 1 0 — — X _

Now, regarding hyperplane properties and congestion definition, we propose the
following definition:

Definition 3.4. Let DMU, = (x,,y, )€ ET,

convex *

DMU, has congestion if there exists
a hyperplane H,v,u,)= {(X,y) € R""Juy — vx + u, <0} that supporting 7, With a normal
vector (u, v)such that at least one component of vector v,” fori= {1, ..., m} is zero.

Theorem 3.3. Definitions (3.4) and (3.3) are equivalent.

Proof. Let definition (3.3) hold and (¢", s, 4") be the optimal solution of model (9).
Dual of the model (9) is as follows:

min vx, +u,

S.t.

uy, =1

uy; —vx, —u, <0, Vj, j#o
uz0, v=20

u,:URS

(14)
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Suppose that (u’, v',u)) is an optimal solution of model (14). Based on the funda-
mental theorem of duality, ¢ =v'x, +u,

Since ¢ >1 s0o vx,+u,=¢ >l=u'y, > u'y,—v'x, +u, <0. Therefore, DMU,

= (X,, y,) belongs to hyperplane H. According to the complementary slackness theorem,

we have v's;” =0 for each, at least one i € {1, ..., m} for some s;” #0, ands;” >0.

Since i € {1, ..., m}, component of v" equals zero, i.e., v = 0 for some i € {1, ..., m}.
Let DMU, = (x,,y,) be a vertex point of T, and there exists a hyperplane
such that at least one component of vector v is zero. So,

onvex 2

H(UqV,UO) Supportlng leonvex

* * *
uy,—vx, +u, <0.
* * * * *

. * u u v u u
Defining v y,=a and —y, =1, therefore —y ——x, +—><0, then —y,
o o o

a (04
v u, u v u, *
<—x,——2. Therefore, l=—y <—x,——2<¢@.
o o o Py o
vou, . _ _ -
Hence, —, —, —= is a feasible solution to model (14). Based on the status of objective
o o o

*

. * % V.
function, we have ¢ > ¢ >1, and based on complementary slackness theorem, s, +—>0.
o

Since v; =0, then s;" >0 for some i€ {1,..., m}. These complete the proof. m

4. Empirical example

In this section, we evaluate congested inputs of DMUs and compare the results of
the proposed model with the results of some previous models. For this purpose, we con-
sider a set of chain stores in Japan for a period of 27 years from 1975 to 2001 [13]. The
years under evaluation are considered as DMUs. Chain stores consume two inputs to
produce one output. Two inputs (/; and I») are the numbers of stores and total area of
stores (unit: 1000 m?). The output (O) is annual sales (unit: hundred million yen). The value
of two inputs and one output of chain stores in 1975 to 2001 are shown in Table 3. Accord-
ing to the data, the number of chain stores increases steadily until 1993, after which the
trend consistently decreases. Except for the last year, the area of stores is consistently
rising throughout. This increase takes place in the first half of years with a smaller ratio
and in the second half with a higher ratio. This shows that with the disappearance of
small stores, the rapid growth of large stores in recent years is significant. The annual
sales trend increases until 1996 and consistently declines in remaining years. Now, our
presented model is implemented in this example to determine the years when chain
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stores evidence congestion. Then, we compare the results of our proposed model with
some of the methods presented in earlier studies. According to our congestion defini-
tion, congested DMUs are a subset of vertex DMUSs of Tconvex Which can be achieved
through model (4). Therefore, model (4) is run and the results are reported in Table 4.
As can be seen, the years 1975, 1976, 1988, 1991-1993, 1996, 1998, and 2000 are de-

termined as vertex DMUs (A" =1), and the remaining years identified as inefficient
DMUs (A" =0). Then, model (9) is solved to find out congested vertex DMUs. The

optimal solution of model (9) is shown in Table 4. The columns s and s,  indicate

excesses in the first and second inputs, respectively. Model (9) is infeasible for the year
1975. In the year 2000 (DM U,), chain stores encounter strong congestion because both
input slacks are greater than zero and the optimal objective function of model (9) is
greater than one (¢ =1.02, s; =2.26,s, =1.23). It means that there exists an activity

that belongs to this technology and that produces more output (162 847x1.02 =166 103)
by consuming less first input (7053 — 2.26 = 7050.74) and the second input (19 698
—1.23 =19 696.77) compared to DMUbe.

It shows that DMU,s can obtain more outputs by consuming less of its inputs. It is no-
ticeable that congestion was due to the excess in the numbers of stores and the area of stores.
In the years 1976, 1988, 1992, and 1993 the Japanese chain stores evidence weak congestion
(only one of the two input slacks (s, ") is greater than zero and the objective function of
model (9) is greater than one for these years). It reveals that they were able to achieve more
sales by reducing the number of stores during these years. By solving model (1) and in terms
of definition 2.1, we explore that the chain stores in the years 1991, 1996, and 1998 are
BCC-efficient and, hence, not congested. They perform well during these years.

Table 3. Data set of Japanese chain stores [14]

DMU | b o DMU | 1§ b o
1975 | 2412 | 5480 41091 | 1989 | 6829 | 11717 | 131 862
1976 | 3163 | 6233 48367 | 1990 | 6995 | 11987 | 140 817
1977 | 3350 | 6798 56 000 | 1991 | 7338 | 12463 | 150 583
1978 | 3371 | 7274 60940 | 1992 | 7946 | 13426 | 152943
1979 | 3778 | 7992 69046 | 1993 | 8236 | 14147 | 155128
1980 | 4020 | 8500 77347 | 1994 | 7722 | 15014 | 158 714
1981 | 5029 | 9246 85805 | 1995 | 7727 | 15022 | 161 739
1982 | 5164 | 9639 90433 | 1996 | 7822 | 16191 | 169 786
1983 | 5285 | 9981 95640 | 1997 | 7531 | 16969 | 167 195
1984 | 5618 | 10276 | 100257 | 1998 | 7201 | 17627 | 167 187
1985 | 5981 | 10521 | 105944 | 1999 | 7281 | 18364 | 165 480
1986 | 6217 | 10766 | 109 857 | 2000 | 7053 | 19698 | 162 847
1987 | 6455 | 11144 | 116114 | 2001 | 6067 | 16176 | 154 671
1988 | 6674 | 11418 | 125404
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Table 4. Results of models (4) and (9)

* =

DMU | & o sy 5
1975 infeasible — -
1976 1.09 219.81 0
1988 1.07 73.17 0
1991 0.93 2.03 0
1992 1 1.02 482.97 0
1993 1.03 679.37 0
1996 0.96 582.90 0
1998 0.98 0 0
2000 1.02 2.26 1.23
2001 0.89 0 0

Lastly, we implement the models proposed by Fire et al. [6], Wei and Yan [12], Tone
and Sahoo [13], Sueyoshi and Sekitiani [14], Cooper et al [9], Mehdiloozad et al. [15] for
the data from Table 3 and compare the results with the proposed model. Results are
presented in Table 5. v* indicates the presence of congestion. FGL is a two-stage ap-
proach. In the first step, the BCC-efficiency of DMU, is calculated, and in the second
step, by omitting the input disposability postulates from PPS, the efficiency of DMU, is
calculated. The model is a radial approach that calculates the congestion impacts as the
ratio of the observed amounts to expected amounts. For detecting congested DMU
through BCSW approach, the projection point of DMU, in output-oriented is deter-
mined. Afterwards, the outputs are fixed to that projection point, and the maximum
amounts of inputs that can be augmented to the projection’s points are computed. Then,
the difference between each pair of input slacks, and the maximum amount is the
amount of congestion. One model of Cooper integrates a two-stage model of the BCSW
in one model and identifies the congested DMUs. Wei and Yan [12] restrict their study
to the efficient DMUs which are on the boundary of 7, and inefficient DMUs are

depicted on the boundary of 7, Then, they suggest a two-step algorithm based on

onvex ?

conventional DEA models on each step of which one LP model should be solved. Also,
they show that a DMU evidences congestion, if and only if it is not BCC output efficient.
According to Tone and Sahoo’s approach, DMUs project on a strongly efficient bound-
ary of T, then by proposing a two-stage algorithm, strong or weak congested

DMUs are identified. Sueyoshi and Sekitiani propose wide congestion, conceptually
covering both strong and weak congestion, and then a two-stage algorithm based DEA
models which can uniquely determine the congested DMUs. Mehdiloozad et al. [36]
propose an LP model for identifying the Max projection of units (as reference unit) and
demonstrate that the congestion status of DMUs is similar to the status congestion of
their reference unit. Mehdiloozad et al. [36] determine a dominant cone for DMU, and
by comparing DM Us that belong to the dominant cone with DMU,, the congestion status
of DMU, can be obtained.
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Lastly, congested units among vertex DMUs that belong to 7, are shown in the

last column of Table 5. By comparing the results, it can be concluded that all congested
vertex DMUs of T, are the same in all methods. One of the advantages of our pro-

posed method is that by solving only one LP model and less and easier calculation, the
congestion status of vertex DMUs can be detected. Of course, no one can claim which
method is better because all methods are presented with different definitions.

Table 5. Results of some methods for existence and non-existence of congestion

Wei | Tone | Sueyoshi
DMU | FGL | and and ai]ld BCSW | One-model Mehdiloozad et al. Proposed
Yan | Sahoo | Sekitiani model Cooper model
1975 infeasible
1976 v v v v v weak
1977 v v v v
1985 v v v v
1986 v v weak v v v weak
1987 v v v v v
1988 v v v v v weak
1989 v v v v
1992 v v_ | strong v v strong weak
1993 v v v v v weak
1994 v weak v v v weak
1995 v v v v
1997 v v v v
1999 4 v | strong v v v strong
2000 v v v v v strong

5. Conclusion

The presence of congestion in a DMU reduces its efficiency, so the determination
of congestion is of great significance. Some studies were conducted to detect the con-
gestion via solving conventional DEA models. In this study, we define vertex DMUs of
Teonvex and propose an LP model to obtain vertex units. Then, we propose a conventional
DEA model to identify weakly or strongly congested vertex units.

In the suggested model, we remove a vertex unit from the production technology of
Teonvex. If there is an activity in the production technology whose all input and output
components are less and more of inputs and outputs of the omitted unit, we say the
deleted unit has strong congestion. Moreover, if there is an activity that consumes fewer
resources in one or more inputs to produce more products in some outputs, we claim
that the omitted unit evidences weak congestion. In this study, congested DMUs can be
obtained easily and by solving only one LP with no need to calculate the efficiency
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value of DMUs. Finally, our model is implemented to identify congested Japanese chain
stores from 1975 to 2001. In this example, the years are considered as DMUs. First, we
determine vertex DMUs. As based on the results obtained from solving the model (4),
ten years are obtained as vertex DMUs. Then, model (9) is run for vertex DMUs. Ac-
cording to Theorem 3.2, chain stores evidence strong congestion in the year 2000 and
weak congestion in the years 1976, 1988, 1992, and 1993. In only three years, 1991,
1996 and 1998, chain stores did well, and no congestion occurred.

Results obtained from comparing previous models show that congested vertex
DMUs obtained from our model are similar to the models proposed by Wei and Yan
method [12], Tone and Sahoo method [13], Sueyoshi and Sekitiani method [14], BCSW
method [8], Mehdiloozad et al. method [15] and Cooper model [9]. Since each model
has a specific definition of congestion, it cannot be said which model is more preferable
to the others. Generally, the chain stores are extremely efficient only in the third evalu-
ating period. Also, during the vertex years, chain stores did not evidence congestion for
solely three years. In 2000, the chain stores faced strong congestion that made them
reduce both inputs as much as slack variables 2.26 and 1.23, respectively, to improve
their performance. In the years 1976, 1988, 1992, and 1993 the chain stores evidenced
weak congestion in the first input that should reduce their first input as much as slack
variable 219.81, 73.17, 482.97, 679.37, 582.90 and 2.26, respectively, to extend their
efficiency.

In this study, the suggested model allows managers to monitor the state of their
companies along with discovering congested units.

The contributions of this study are as follows:

e detecting the vertex units, a novel LP model is proposed;

e exploring the congested vertex units and congestion status; only one new LP
model is suggested and congested DMUs are identified with easier and fewer calcula-
tions.

Further research can be done based on the results of this paper. Some of these can
be as follows:

e the same model can be developed for finding congested DMUs with network
structure;

¢ developing the proposed model to identify congested DMUs in the presence of
fuzzy or interval data.
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