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STOPPING RULES FOR THE ESTIMATION OF THE PARAMETERS
OF BIVARIATE AND TRIVARIATE BINOMIAL DISTRIBUTIONS

In this work one step look-ahead rules for the estimation of the parameters of the bivariate
and trivariate distributions are given. They turn out to be asymptotically optimal and may be use-
ful in many statistical contexts, for example, in statistical quality control and customer satisfaction
analyses.
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1. Introduction

Several categorical data analyses consider dichotomous characters imposing either
statistical independence or multinomial dependence, which natural statistical models
of dependence ignore.

The binomial bivariate distribution, defined by Zenga [5], is the natural structure
of the number of successes of two characters in » independent extractions. Zini [7]
generalises it to three characters, which exhibit univariate margins, binomial and bi-
variate ones, as binomial bivariate. For the general properties of these distributions,
see the cited works. In this article, a sequential problem of estimating the parameters
of these models in a Bayesian framework is considered. Assuming conjugate prior
(Dirichlet) and conjugate loss function (including quadratic loss), a one step look-
ahead stopping rule is deduced for both bivariate and trivariate binomial statistical
models. By the principle of independence between the stopping rule and the estima-
tion method (Berger [1]), this rule, which exhibits asymptotical optimality properties,
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turns out to be appropriate to the problem, allowing one to take into account informa-
tion costs, both of inference and sampling.

2. The statistical models

This section presents the bivariate and trivariate binomial distributions.
The binomial bivariate model (X, Y|P“,Plo,Pm) , Zenga [5]:
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and
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3. The one step look-ahead rules and their properties

In this section, one step look-ahead rules for both models are given. De Groot’s [3]
notation will be used in the sequel.
Let write model (1) in the following way:
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where P=(P,P,,P,)',and P, :1—23 .
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The prior is assumed to be conjugate (Dirichlet):
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So, the posterior has the form:
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The loss function (quadratic, as a particular case) is assumed to be conjugate:
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with kAk semidefinite positive (symmetric) matrix.
The decision risk at stage n, imposing J; = ¢, + b, in order to exist, is as follows:
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is the trace operator. The expected risk with respect to the predictive at stage (n+1)
has the following form:
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So, by (9) and (10), the one step look-ahead rule for the problem (5), (6) and (8)
has the form:
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Let us write the binomial trivariate model (2) (Zini [7]) the following way:
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It is possibile to show that, assuming conjugate prior and loss (like in (6) and (8))
for the model (12), the one step look-ahead rule has the following form:
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For M, E(n+Z§i)-p0(h) is a limited martingale, see Zini [6] and Shapiro et

al. [4], the stopping rules (11) and (13) are asymptotically optimal in the sense of
Bickel et al. [2].

4. Conclusions

In this work, a one step look-ahead rule has been deduced for binomial bivariate
and trivariate statistical models under very general assumptions. Next step will be the
generalisation of that rule when, at any sampling stage, m observations are drawn
from a binomial bivariate or trivariate distribution.
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Regula stopu w estymacji parametrow
uogolnionych rozkladéw dwumianowych

W pracy przedstawiono rozszerzenie technik estymacji parametréw w uogélnionych rozktadach
dwumianowych. Rozwazane uogoélnienia dotycza kategoryzacji sukceséw. W niektorych przypadkach
w analizie danych jako$ciowych rozwaza si¢ dychotomiczny charakter narzucajacej si¢ statystycznej
zalezno$ci lub wielomianowej niezaleznosci, ignorujac istnienie naturalnych modeli zaleznosci.
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Uogolniony w kontekscie dwoch kategorii sukcesow rozktad dwumianowy, wprowadzony przez Zenga
(1968), okresla naturalng strukture liczby sukceséw dwoch kategorii w n niezaleznych probach. Zini
rozszerzyt kategoryzacj¢ sukceséw do trzech klas oraz podat wlasciwosci rozszerzonego w ten sposob
rozkladu dwumianowego. W artykule zaprezentowano problem sekwencyjnej estymacji parametrow
uogodlnionego rozktadu dwumianowego z wykorzystaniem podejscia bayesowskiego. Zalozenia dotyczace
rozktadow a priori parametrow w rozktadzie dwumianowym uogoélnionym oraz przyjeta a priori funkcja
straty stanowily baze¢ do konstrukcji reguty stopu dla estymacji sekwencyjnej parametréw uogdlnionego
do dwoch oraz trzech kategorii sukcesow rozkltadu dwumianowego. Majac na uwadze fundamentalng
zasade niezalezno$ci migdzy regula stopu a technika estymacji (Berger) prezentowana reguta stopu, po-
siadajaca asymptotycznie optymalne wiasciwosci jest adekwatna do okreslonego problemu nawet
w przypadku uwzglednienia kosztéw wnioskownia i probkowania. Omawiana reguta moze by¢ uzyteczna
w wielu obszarach zastosowan statystyki, np. w kontroli jakosci lub analizie satysfakcji konsumentow.

Stowa kluczowe: rozktad dwumianowy, estymacja, kategoryzacja sukcesu



