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OPINION FORMATION IN SOCIAL NETWORKS

A number of selected works on the dynamics of opinions and beliefs in social networks has been
discussed. Both Bayesian and non-Bayesian approaches to social learning have been considered, but
the analysis has been focused on a simple, tractable and widely used model of updating beliefs — the
DeGroot model. The author studied the dynamics of opinions based on the DeGroot model from dif-
ferent points of view. First, its attractive features and shortcomings were discussed and then some of
its extensions have been presented. These models are based on the DeGroot updating rule, but addition-
ally incorporate the possibility of improvements and enrichments of the framework.
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1. Introduction

Nowadays, almost everything: technology, trends, fashion, prices, the political at-
mosphere are changing so fast. It is very important to update and have the latest data.
We get information from various sources: e.g. the Internet, mass media, friends and
peers, colleges. All of this can be composed into a social network, because we are con-
nected and interact day by day. Networking is a significant part in a person’s life, be-
cause the resulting information flows play a role in a range of phenomena, including job
search, financial planning, product choice [26, 16], speaking languages [2], becoming
criminals [3] and voting decisions. Every day we face situations where a choice has to
be made. People decide based on their own experience, their observations or the beliefs
and opinions they have formed on different issues. Information can be obtained through
different channels: as a result of the observation of others’ actions, through our own
experience and communication with others about their beliefs and behaviour, news from
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media sources, propaganda from political leaders, etc. In other words, an individual can
adopt the behaviour or beliefs of others that she knows or has observed, or alternatively,
she may use a combination of their behaviour or beliefs to fashion her own views.

A key part of the process of opinion formation is how an individual will combine
her own opinion and the information she receives. A significant amount of work in the
literature on social networks has been assigned to modelling and analysing these pro-
cesses [1, 6,9, 29, 34]. There are two prominent approaches of modelling social learning
through networks: (i) Bayesian learning (e.g., [4, 22]) and (ii) non-Bayesian models
(e.g., [16, 20, 21, 26]). According to Bayesian models, individuals use Bayes’ rule to
form the best mathematical estimate of the relevant unknowns given their initial beliefs,
in other words, to form a reliable “model of the world”. Non-Bayesian models are de-
fined as all those that are not Bayesian.

There is a lot of literature considering non-Bayesian approaches. The simplest ones
include some type of imitation. This means that an agent adopts the opinions or behav-
iour of her neighbours’ or someone she has observed, by combining her own and other
agents’ beliefs. A well-known example of this type of learning is the DeGroot model
[14]. It is a model based on repeated communication, where people can keep talking to
each other and taking weighted averages of information that they get from their friends
[15, 17, 18]. The key issue according to this model concerns reaching a consensus in a
society, i.e., a situation in which all the members of a society end up with the same
opinion.

In parallel, Lehrer and Wagner [31, 41, 42] developed a model of rational consensus
formation in a society, which in both its implications and mathematical structure is very
similar to the DeGroot model. These authors propose a method of combining group
opinion by weighted arithmetic averaging. This model states that when individuals differ
in expertise, a weighted arithmetic mean with unequal weights may be the appropriate
way to reflect such differences. Arriving at consensual weights is achieved by iterated
weighted averaging, i.e., by the repeated multiplication of weight matrices. Some re-
searchers later referred to these models with skepticism. Forrest [19] defines the zero
weight problem and shows counter-examples where Lehrer’s solution fails. It is claimed
that weights should be allowed to have infinitesimal values, distinguishing between very
little credit for an agent’s opinion and reliance on a randomisation device. Bradley [§]
says that these models are unsatisfactory from the point of view of the revision of ra-
tional beliefs, and hence cannot be used to support the claim that linear averaging is
robust in the face of the revision of individual judgments. There is a vast literature that pro-
poses various modifications and refinements that complement this method [35, 39, 43] and
the DeGroot model for which similar criticisms might be applied.

There are also other forms of non-Bayesian approaches. One of them is replicator
dynamics. This concept states that actions or beliefs, which have performed better in the
past, are more likely to be adopted or receive greater attention (weight). In other words,
an individual will imitate actions that were successful [37, 38]). A more general approach
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(called case-based decision) is presented by Gilboa and Schmeidler [23, 24], where the
main idea is that individuals form beliefs about a situation based on their experiences
from similar situations in the past. Also several models related to interacting particle
systems have been developed [32]. In these frameworks, opinions are represented by
either finitely many discrete values or continuous values [33].

In this paper the author discusses research on the dynamics of opinions and beliefs
based on a model of network influence and consensus — the DeGroot model of learning,
which was introduced by the American statistician, Morris H. DeGroot in 1974. It is
a simple, tractable and widely used model of updating beliefs. Several experimental
studies show that people tend to behave according to the DeGroot model rather than
according to Bayesian updating (see, e.g., [12], also [11]). Agents have initial beliefs
about a common question of interest — for instance, the probability of some event and
are embedded in a social network. At successive moments of time, they communicate
with their neighbours in the network and update their beliefs simply by taking weighted
averages of their neighbours’ opinions from the previous period, possibly placing some
weight on their own previous beliefs. Over time, provided the network satisfies some
basic assumptions (more precisely, when the network is strongly connected, i.e., there
is a directed path from any agent to any other, and an aperiodicity condition is satisfied),
the beliefs converge to a limit belief. The agents in this scenario are boundedly rational.
This means that they fail to adjust correctly for repetitions and dependencies in infor-
mation that they hear multiple times, continuing to average things, even though they
might end up over-weighting the things that they hear. This feature may be interpreted
as duplication of information and as a shortcoming of the DeGroot model, since agents
do not adjust the weights they place on others’ opinions over time [15]. Alternatively,
the DeGroot framework is a more naive model, where agents are not fully rational in
a Bayesian way.

One attractive feature of this model lies in the fact that the analysis of convergence is
quite straightforward. When convergence is achieved, the consensus belief is a weighted
average of the agents’ initial beliefs and these weights provide a measure of the agents’
social influence or importance. These weights are given by the unique left hand side
eigenvector of the social network matrix that has eigenvalue 1. This is what makes the
DeGroot model so tractable, and we take advantage of this well-known feature to trace
how influential different agents are as a function of the structure of the social network.

Society is a complicated mechanism, which has been the subject of extensive re-
search for many years. Developing and studying models of social interactions can bring
us crucial and interesting insights that can explain many historic and contemporary col-
laborations, agreements, partnerships and alliances, as well as polarization and, what is
crucial, can give us tools to enhance or prevent them in future. With these goals, we will
combine interesting results from the past decades on learning information. By present-
ing various models in turn, we will show the intuition, the extensions and the scope of
their results. We want to highlight their importance and use in today’s information age.
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Our motive is to spread the ideas resulting from these models beyond the scientific sphere
and attract attention to the topic of opinion formation, which is familiar to everyone.

In this paper, we proceed as follows. First, we recall some preliminaries on networks,
and then we introduce the initial model, together with specific assumptions and conditions
for the convergence of opinions in society. Next, we present several variants of this model
with a range of useful improvements. We consider some selected papers presenting various
extensions of the DeGroot model. We start with the work of Golub and Jackson [25], who
introduce a definition of wisdom, “large” societies and specific properties ensuring efficient
learning in such societies. Furthermore, we study a model where a society contains hetero-
geneous agents, such that there exist conforming, counter conforming or simply honest in-
dividuals [10]. Moreover, we consider modelling the spread of misinformation, in other
words, the presence of “prominent agents” (community leaders, politicians, mass media
sources) [27]. Obviously, there is a long list of papers that consider other aspects of DeGroot
learning, e.g., papers by DeMarzo et al. [15], and Friedkin and Johnsen [20, 21], who con-
sider a time-varying weight on one’s own beliefs, Krause [30], where agents weigh only
those with similar beliefs, Banerjee et al. [S] present a model that can deal with a sparse
initial signal, and many other generalized models that have been studied extensively in the
literature. At the end, we conclude the paper by presenting a discussion highlighting the
main features of the basic model, its advantages and disadvantages, the extensions presented
and a comparison of their features.

Preliminaries on networks

Before diving more deeply into the DeGroot model and its extensions, we introduce
some intuition of the formalization of social networks, as well as definitions and prop-
erties used in the later sections of the paper. First of all, for analytical purposes, a social
network is represented as a graph. The two most basic parameters of a social network
represented by a graph are the number of vertices and the number of arcs or links, de-
pending on whether we are dealing with directed or undirected graphs. In a graph, we call
a unit — whether an individual, a family, a household, or a village — a vertex or node.
A direct path between two nodes indicates the presence of a relationship between them.
The absence of such a path indicates the absence of a relationship. A direct path with
a defined direction in a directed graph is called an arc, and such a path without a given
direction in an undirected graph is called a link or an edge.

Figure 1 presents a directed graph with four vertices. It can be interpreted as a soci-
ety with four agents (individuals, players, actors) n = 4, N = {A, B, C, D}, interacting
with each other. A directed arc from x to y may be, e.g., interpreted as x asks y for advice.
The arcs show that this social relationship is not symmetric (for example, A asks C for
advice, but C never asks A).
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Fig. 1. Social network with 4 agents

The intensity of social interaction is reported in a very simple square matrix with as
many rows and columns as there are actors in the society. The elements, or scores, in the
cells of the matrix record information about the relationship between each pair of actors.

0 0 we wy
Wo W, 0wy 0
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Here, the matrix W is a 4x4 matrix (n = 4) where w, > 0, with i, j € N, means that

there is an arc from agent 7 to agent j, and, consequently, 0 indicates the absence of any
interaction. In our example, w,, corresponds to the arc from B to A and w,, =0 indi-

cates that A does not seek advice from B.
Agent i is a neighbour of agent j if w; > 0. This can be interpreted as agent / listens

to agent j. In an undirected network, if A is a neighbour of B, then B is a neighbour of
A and the number of neighbours of an agent determines its degree. Since we are here
considering a directed network, we should distinguish between in-degree and out-degree
(the in-degree of node A is the number of agents who listens to A and the out-degree of
node A is the number of agents whom agent A listen to). For instance, agent A has out-
degree 2, but in-degree 1 (A listens to C and D, while B listens to A).

Assuming that agent B can hold important information and transfer it to his neigh-
bours, and after that his neighbours transfer this information to their neighbours, we can
record the passage of information from one agent to another one inside the network.
Such a passage is called a path if any node appears at most once.

Summarizing:

o A network is represented by a graph g = (N, W), where

- N={1, 2, .., n} is a set of nodes (agents).

-W= [Wy] is a real-valued nxn matrix (adjacency matrix, interaction matrix).
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o W, is the strength of the relationship between i and j (possibly weighted and/or

directed), represented by a link or arc 7 if the value is positive.
e A network is directed if w,=Ww, for some i, j € N, and undirected otherwise.

e N.(g) is the neighbourhood (set of neighbours) of i in g
N.(g)={jeN:W,>0}
e d.(g)is the degree of i in g, i.e., the number of i’s neighbours in g

d.(g)=N.(2)]

e A walk between nodes i and j in g is a sequence i, i,, ..., ix_;, iy such that
>0 foreach ke{l, ..., K—1} withi, =i and i, = j.

Ul

e A directed path from node i to node j is a walk between i and j such that each node
in the sequence i, ,, ..., iy, i 1s distinct.

e A simple cycle is a walk such that each node in the sequence is distinct, except the
initial and the end nodes that are the same.

e A strongly connected network g (matrix W) is a network (matrix) in which each
node can be reached from any other node via a directed path.

e An adjacency matrix is aperiodic if the greatest common divisor of all of the
lengths of the simple cycles in the corresponding network is 1.

o A closed set of agents is a set C < N such that there is no arc from any agent in C
to any agent outside C, i.e., there is no pair i € C and j ¢ Csuch that W, >0.

e A consensus is a vector of opinions X = (x;, ..., x,) €[0, 1]" such that for all i, j e N,
x, =x,.We say that a group of agents reaches a consensus under a given interaction

matrix for an initial vector of beliefs if, in the long run, the limiting beliefs of all of the
agents in the group are the same.
Armed with this knowledge, we begin our acquaintance with the DeGroot model.

2. The DeGroot model

We now place ourselves in the world of social networks with information trans-
mission, opinion formation and consensus reaching. As a starting point, we analyze
the DeGroot model [14], since it is a very simple and natural model of social inter-
action. Its main objective is to investigate how the structure of a network influences
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the spread of information and the formation of the final opinion among the agents.
Particular focus is placed on the issue of reaching a consensus among all of the play-
ers, that is, a situation where all of the individuals share the same opinion in the long
run.

Consider a group of agents N={1, 2, ..., n} who interact with each other. At time
t =0 each agent i has his own initial belief (opinion) x,(¢) €[0,1] concerning some
topic (for instance, his belief that a given candidate is the appropriate one to be se-
lected) and updates it at discrete moments in time € {1, 2, ..., n}. This opinion might
simply be interpreted as the intensity or inclination of agent i to say “yes” on the topic.
Agents exchange information about their beliefs with their neighbours, that is, with
people that listen to them. We capture this interaction through an nxn nonnegative

matrix W =[W,], where every element ¥, >0 means that i pays attention or listens

toj. We refer to W as the interaction matrix. It is row stochastic, so that for each i we
have Zj W, =1. This widely used feature can be interpreted as follows: each agent

decides how to split his time (attention) among his peers, so that ¥, determines the

portion of i’s total time that he devotes to j. Note that we do not assume that the inter-
action is symmetric, i.e., that w,=w,, but we allow agents to rate each other asym-

metrically. Also, we cannot have W:j <0, since a negative share of attention does not

make sense. It is assumed that the matrix W is strongly connected, that is, there is
a directed path from any agent to any other one. In other words, information can be
transmitted between any two individuals. At any time 7 >1agent i updates her belief
according to:

x,(6) =Y Wx,(t-1) (1)

In other words, agents update their beliefs by repeatedly taking the weighted aver-
age of the beliefs of those they listen to with ¥, being the weight or trust that agent i

places on the current belief of agent j in forming her own belief for the next period. The
column vector of beliefs at time ¢ is denoted by x(¢). So, we have:

The initial opinions of individuals:

x(0)=(x,(0), x,(0), ..., x,(0))"

where the upper index 7 indicates vector transposition.
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The weights placed on others’ opinions — the interaction matrix:

Wy W,
we| P o
I/an n2

Updated opinions®:
x(1) = Wx(t —1) = W'x(0)

In other words, we consider a society consisting of individuals that have their own initial
opinions on a given issue. At each time period, the individuals talk to each other, update
their own beliefs and influence their neighbours’ beliefs according to the interaction matrix
W. Now the following questions arise: When do the beliefs of all of the agents in the net-
work converge to well-defined limits? After a number of periods, is there a consensus in the
society since the individuals discuss and know opinions of others?

The definition of convergence means that a limiting belief (i.e., the set of beliefs
when time ¢ tends to infinity) exists for all initial beliefs. So, no matter what initial
beliefs the individuals start with, they always end up converging to some belief. Due to
the assumption of strong connectedness, a well-known convergence result for Markov
chains can be used, and one obtains that the crucial condition ensuring convergence in
a strongly connected stochastic matrix is its aperiodicity. The full necessary and suffi-
cient condition for convergence is that every set of nodes that is strongly connected and
closed is aperiodic.

Regarding the study of consensus reaching, in the literature there exist several char-
acterizations of consensus. First of all, it is worth noting that if beliefs converge, then
a strongly connected and closed group of individuals will reach a consensus. Also,
a necessary and sufficient condition for reaching a consensus under the DeGroot model
is that there exists exactly one strongly connected and closed group of individuals and
the interaction matrix is aperiodic on that group. Golub and Jackson [25] show that the
limiting beliefs are equal to a combination of the individuals’ initial beliefs and the so
called influence weights v,, for each i € N, where v is the unique left eigenvector of
the interaction matrix corresponding to the eigenvalue 1. More precisely, the influence

of agent i is a weighted sum of the influences of various agents j who pay attention to i,
with the influence v; weighted by W, which represents the trust that j places in i. This

2We consider a Markov process, which is a stochastic (random) process with the property that the probability
of any future behaviour of the process depends only on the current state, not on its past behaviour.
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property gives a measure of influence and indicates that the more influential the people
listening to an agent, the more influential that agent is. A number of important results
on convergence and consensus reaching under the DeGroot model can be found e.g., in
the article of Golub and Jackson [25] mentioned above, and recalled in Jackson [29].
Also, Berger [7] is interested in characterizations of consensus. Let us consider some
illustrative examples presented by Jackson [29].

Example 2.1. Suppose that there are three individuals embedded in a network with
the following interaction matrix:

LN
33 3
w=l1 1o
2 2
o L3
L 4 4]

The interaction matrix shows that individual 1 listens to everybody equally (includ-
ing himself), agent 2 trusts agent 1 and himself equally, but does not take into account
agent 3’s opinion when forming his own belief, while agent 3 does not listen to agent 1,
and trusts himself much more than agent 2. We have a strongly connected network, and
the interaction matrix is stochastic and aperiodic. Suppose that the three individuals
have the following initial vector of beliefs on a certain issue:

1
x(0)=| 0
0

This means that agent 1 is 100% in favour of saying yes, while agents 2 and 3 have
the opposite view, that is, definitely say no. According to the DeGroot framework, the
agents’ beliefs are updated as follows:

111 1
333 |3

11
x(H=Wx(©0)=| = — 0]/0|=| 1
L s llo] |2
0 - = 0
| 4 4 -




94 A. TAALAIBEKOVA

g 12

- 1

R HIE
x2)=Wx()=|=— = 0|1 |=|—
2 2 5 12

o L 3o |1
| 4 4| - | 8]

Iteratively:

_i_

11

x(7) = Wx(t —1) = W'x(0) - %
3

11

which means that the individuals reach consensus and their limiting opinion is equal to
3/11. We are considering a strongly connected network, the interaction matrix is sto-
chastic and we have aperiodicity. As we stated before, given all these conditions beliefs
converge over time.

Example 2.2. Suppose now that the interaction matrix is the following:

p— ON"—‘
S O =

This means that no agent trusts himself, as all the entries on the leading diagonal of
the matrix are equal to 0. Moreover, agent 1 listens equally to the remaining two agents,
agent 2 only trusts agent 1, and agent 3 only listens to agent 2. Updated beliefs are based
on the matrices:

11 1,
055 2 2
— 2
W=li 0 of W‘o%%
01 0 1 o o
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1 1 1 1 1 1
2 4 4 4 2 4
W3=ll(),w4:lll
2 2 2 4 4
o L 1L 1y
L 2 2] 12 2 ]
Iteratively,
202 1]
5 55
w2 21
5 55
221
|5 5 5]

If we denote the limit belief (consensus) by x(c) then we obtain:
2 2 1
x(0) =—x,(0)+—x,(0)+—x,(0
(o) 51() 52() 53()

We have a strongly connected network and the interaction matrix is stochastic.
Again, all of the conditions for convergence are satisfied. We obtain the limit belief,
x(0), as a weighted average of agents’ initial beliefs and the influence weights given
by the eigenvector of the matrix W corresponding to the eigenvalue 1. This indicates
the influence of each agent in the society. In our example, agents 1 and 2 have twice as

much influence over the limiting belief as agent 3 does. Hence, the influence weights
are (2/5, 2/5, 1/5).

Example 2.3. Suppose that there is a social network with 3 individuals, and we
make a small change to Example 2.2:

Il
—_—
S O N
S O N
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Updating beliefs are based on the matrices:

11 1 0 O
055 011
_ 2 - =
1 0 O 0ll
L 2 2]

11 1 0 O
550 011

3 4 - =
WeEl o o W 202
1 0 0 0ll
L 2 2]

This society will not converge to limit beliefs, since there are always periodically
changing opinions.

3. Obtaining wisdom in a society

Naive learning in social networks and the wisdom of crowds

There exist numerous variations and extensions of this model. We present some
examples that focus on different aspects of the DeGroot model. We start with the paper
of Golub and Jackson [25], whose main objective is to examine whether large societies
whose agents update their beliefs in a naive way can aggregate dispersed information
efficiently. The authors extend the framework of the DeGroot model by considering the
possibility of convergence to the correct limit in large societies. Groups of agents that
receive a substantial amount of attention can undermine efficient learning. In addition,
Golub and Jackson [25] provide sufficient structural conditions for the emergence of
wisdom. In what follows, we give more details about the framework and the main mes-
sages of the paper.

When individuals in a society reach a consensus, a related question is whether the
consensus beliefs are correct. Regarding this issue of the correct aggregation of beliefs,
Golub and Jackson [25] provide a definition of wise societies. They also expand the
notion of a society and consider large societies. This can find a wider range of applica-
tion in real life and, moreover, a large number of agents can provide enough diversity
of opinions for a society to be able to eliminate errors and discover the truth.
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o0
n=1°

A large society is presented by a sequence of networks (W(n))’_,, where n is the

number of agents in each network. We focus on situations, where there is some true
state 1z €[0, 1]that agents are trying to learn. The process goes like this:

At ¢t =0,agent i in network 7 has belief x'” (n) €[0, 1] (initial belief). This belief
comes from some distribution and {xl(o)(n), ¥V (n), ..., xflo)(n)} are independent for

each n.
Let v(n) be the influence vector corresponding to the interaction matrix W(n). For

any given n and realization of x'”(n)’, the belief of each agent i in network n ap-
proaches a limit which is denoted by xl.(“’) (n). We say that the sequence of networks is

wise when the limiting beliefs converge jointly in probability to the true state u as n
tends to infinity.

Golub and Jackson [25] focus on characterizing wise societies. Their first result
concerns a characterization of wisdom in terms of the influence weights, v(n). It shows

that a society can be misled if there is an agent with too much influence. In other words,
all of the opinions in a large society converge to the truth if and only if the influence of
the most influential agent vanishes as the society grows. Formally, if the agents are
arranged by influence in decreasing order such thatv,(n) > v,, (n) = 0 for each i, so that
v,(n) is the agent with the highest influence, then a sequence of convergent stochastic
matrices (W(n)), is wise if and only if the associated influence vectors satisfy
v,(n) > 0.

This result gives us a characterization of wisdom in terms of influence that is easily
tractable, but for analysis, it is better to have a characterization in terms of the social
structure, as it could be more useful to know the consequences of the dynamics of opin-
ion by looking at the interaction matrix. Golub and Jackson [25] discuss the existence
of prominent groups that receive a disproportionate share of attention, which might be

an obstacle to wisdom. To study this concept, the authors introduce the concept of prom-
inent families (groups). Let B and C be two groups where

W= 2. W, @)

i€eB, jeC

is the weight that group B places on group C. We say that a group is prominent within
t steps if every agent outside the group is influenced by at least someone in that group
within ¢ steps of updating. For example, if 7= 1, then there is a direct link between agents
in the prominent group and the agents outside the prominent group.

Adapting this definition to the notion of a family, i.e., a sequence of groups (B,)

such that B, < {1, - n} for each n, we introduce the notion of uniform prominence.
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The family (B, ) is uniformly prominent if for each » the group B, is prominent with
respect to W(n) in some number of steps, without the prominence growing too small.
It is clear that at least one uniformly prominent family always exists, namely {1, ..., n}.

Furthermore, we say that a family is finite if it stops growing.
Golub and Jackson [25] state a necessary condition for wisdom in terms of promi-
nence. If there is a finite, uniformly prominent family with respect to (W(#n)), then the

sequence is not wise. In other words, wisdom rules out finite, uniformly prominent fam-
ilies and disproportionate popularity is an obstacle to wisdom. The crucial part of their
paper concerns two sufficient structural conditions for a society to be wise.

The first one is the balance condition, which states that the received influence
weights of a family of size less than or equal to j(n) cannot be higher than it gives to

outsiders. The size j(n) converges to infinity as n tends to infinity, which means that

the balance property is required for families of any size. This result is consistent with
the one saying that the presence of prominent families and wisdom are incompatible,
since wisdom cannot be guaranteed when we have groups of any size with imbalanced
flows of information.

The second condition is the minimal out-dispersion condition which rules out situ-
ations where agents can ignore the majority of society. This condition says that any
sufficiently large finite family has to pay at least minimal attention to any other family.
This rules out situations where agents ignore the vast majority of society.

Golub and Jackson [25] provide the conditions for a wise society. They show that
if (W(n)), is a sequence of convergent stochastic matrices satisfying the balance and

minimal out-dispersion conditions, then it is wise. This result suggests that avoiding the
emergence of extreme imbalances in the interaction matrix and of small families that
interact with a very narrow part of the outside world can lead to a wise society.

The dynamics of opinion and wisdom under conformity

So far, we have considered the formation of opinions through communication in
a given social network such that individuals are influenced by the opinions stated by
others. However, in real life there are situations where people want to hide their true
motives and personal opinions, so they do not straightforwardly state what they truly
think. Buechel et al. [10] consider a situation where agents can misrepresent their be-
liefs. Honest people behave in a way we already know: they update their opinion in
a naive way by taking a weighted average of others’ stated opinions, while dishonest
people conform or counter conform to their neighbours. Now the question is as follows:
what is the optimal level of conformity in order to increase wisdom in society?
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In this framework, agent i € N expresses some opinion s,(¢) € R which need not co-
incide with her true opinion x,(¢). A central assumption of this approach is that an agent

cannot observe the true opinions of the others, but only their stated opinions. Since each
agent knows her own true opinion x,(¢), agent i’s opinion in the next period is given by

X+ =Wx, )+, Wps, () 3)

where the weights W, are the individual learning weights as in the classical model by

DeGroot [14]. This holds for all agents i € N and, thus, the updating process becomes:
x(t+1)=Dx(¢) +(W—-D)s(¢?) 4)

where D is the nxn diagonal matrix containing the leading diagonal of W.
When expressing her own opinion on some topic, an agent faces the stated opinion
of the group, ¢,. Agent i has the utility function:

u,(s; | x)=—1-5)(s, _xi)2 —=o,(s; _q,')z Q)

This expression is divided into two parts: the first part represents the incentive to
behave truly, while the second part corresponds to conforming or counter conforming.
Thus, the utility of the agent depends on the distance between her own opinion and the
stated one, and between her stated opinion and the stated opinion of the group. The
parameter 6, € (-1, 1) represents the relative importance of the agent’s inclination for

(counter) conformity compared to the importance placed on honesty.

1 0 1
J

\
f !

Counter conformity Conformity

Honesty
Fig. 2. Level of conformity

Figure 2 shows that a negative value of o; represents a preference for counter-con-

formity. Hence, positive values indicate conforming agents and in the case of &; = 0,
we recover the standard DeGroot model.
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Using this model, we introduce a new time scale 7 € N such that within each period
t € N at each time step 7 one or more agents speak. The set of agents who are selected
to state their opinions at time 7 of period ¢ is denoted by A" (¢). Let s°(¢) be the vector
of stated opinions at step 7 of period ¢. Hence, there are two ways to update opinions.

First, agents who do not revise their opinion, keep their stated opinion from the previous
time step, i.e.,

si@)=s'(t) if ie N\A(¢) (6)
Second, agents who are selected to speak and thereby revise their stated opinions,
observe the stated opinions of those they listen to from the previous time step. These
are considered as a reference opinion g’ (¢), which is the weighted average of the stated
opinions with weights according to the interaction matrix W, i.e.,
w.
q; (1) =2 ——=s,(1) (M
; 1- W/;i ’
This gives us the reference opinion for agent i. If agent i € A°(¢), she chooses the
stated opinion which maximizes her current utility.

s () =(1=3)x(1)+ 354, (1) ®)

Hence, the stated opinion given by the best response differs from the true opinion
in proportion to the difference between the reference opinion and the true opinion. The
level of conformity &, plays a crucial role, because it determines this proportion.

Buechel et al. [10] show that the vector s°(¢) of stated opinions at step 7 of period ¢

converges as 7 — ooto the vector
s(?) =[I-A0-D) " (G-D)]"'I-A)x(¢) 9)

where A is the nxn diagonal matrix where the entries &, € (-1, 1) on the leading diag-

onal represent the levels of conformity in society. This result, expressing the final opin-
ions s(¢) stated by the agents as a function of their true opinions x(#), is obtained when
the agents revise their own opinions and conform or counter-conform to what those they
listen to said last.

According to this model, the interaction of agents can be interpreted as discussion
sessions. In each period ¢ € N, an agent discusses with other agents, expresses her opin-
ions, (counter) conforms to the opinions she hears and learns from one discussion to the
next one. Since we know that the stated opinions, s(¢), determine the reference opinions,

the opinion profile in period ¢ +1 can be written in the following way:
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x(z+1)=Mx(¢) (10)

where
M:=[D+(W-D)[I-Ad-D)"'(W-D)]'1-A)] (11)

The matrix M is independent of and plays the role of an interaction matrix. It is an
extended version of W where M = W if §, =0. In other words, if every agent is honest,
then we are back to the standard case of the DeGroot model.

Buechel et al. [10] examine how the dynamics of opinion evolve in their framework.
First, they consider conditions for the convergence of opinions and then study conver-
gence for strongly connected societies and unconnected ones. They show that if we ex-
clude counter-conformity and every agent has some self-confidence, i.e., if W, >0 and

0,20 for all i e N, then the dynamics of opinion converge, i.e., true opinions X(¢),
stated opinions s(¢), and perceived opinions q(¢) converge as  — .

Buechel et al. [10] are also interested in the influence of each agent’s initial opinion
on the long-run opinion given her position in the network W, and they study the impact
of an agent’s degree of conformity ¢;. More precisely, given convergence and the initial
opinions of the agents, x(0), the question appears as to where opinions converge to.
The authors prove that for a strongly connected society, if opinions converge, then true,
stated and perceived opinions always converge to the same limit, and for every i e N,

xl.(oo)zsi(oo)zqi(oO)ZZIij(O) (12)
JjeN
where 1 is the influence vector corresponding to M, and /; denotes the weight of agent

J’s initial opinion on the limit opinion. Moreover, if opinions converge in a strongly
connected society, then for every i e N

_ (1_5,')"'1'
T "

where the vector vdenotes the left unit eigenvector of the matrix W. In other words,
Eq. (13) gives the connection between the power to form opinions in a heterogeneous
society and the power to form opinions in an honest society. Hence, the influence /; of

agent i is determined by a combination of v, and the individual’s degree of conformity i
divided by the sum of these combinations over all of the agents.



102 A. TAALAIBEKOVA

Furthermore, Buechel et al. [10] investigate wisdom in the presence of (counter)
conforming agents. They show that the level of wisdom decreases when importance is
given to only one agent whose signal is the most imprecise. This would be the case if
all of the other agents were close to full conformity, i.e., J,close to 1. Moreover, the

authors determine a necessary and sufficient condition under which the level of wisdom
of a strongly connected society is increasing in the conformity level of an agent. If
agents with a high ratio of influence to signal precision, as compared to the group’s
average, are more conformist, then this will reduce their influence within the group and
thereby increase wisdom. Vice versa, agents who are not sufficiently influential enough,
but possess a precise signal will increase the level of wisdom if they are less conformist,
because this will increase their influence and foster wisdom.

4. Other extensions of the DeGroot model

As already mentioned, in the literature on opinion formation, there is a variety of
modifications and extensions to the DeGroot model. Although we are not able to discuss
them in great detail in the current paper, we will try to give the core intuition and ideas
of several selected extensions.

We have seen the notion of the duplication of information in the DeGroot model. It
is complicated to revise weights optimally, so agents use constant weights. However,
this leads to a situation in which people tend to be unduly swayed by things they hear
repeatedly. Time varying weights have been studied extensively in the literature on so-
cial models of belief formation. They capture the natural setting in which an individual
changes his own or the weights of those she listens to as she gets more information, or
as the underlying network of interactions changes over time.

Time-varying weight on one’s own beliefs

DeMarzo et al. [15] present a model with time varying weights. The updating rule is:
x()=[1-A)I+ A W]x(t-1) (14)

where I is the nxn identity matrix, 4, € (0, 1] is an adjustment factor that enables the
updating process to vary over time. In contrast to the classical DeGroot model, where
we refer to the same W all the time, this case allows us to recalculate the trust we give
to other agents, hence, to modify the interaction matrix at any time. We obtain the
DeGroot model when /4, is constant.
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Also, Friedkin and Johnsen [20] and [21] study a model with a time-varying weight
on one’s own belief. This modified rule of opinion formation is:

x(¢) = DWx(¢ - 1) + (1 - D)x(0) (15)

where D is an nxn matrix with positive entries only along the leading diagonal,
D, €(0, 1) indicates the extent to which 7 pays attention to others’ attitudes. This model

describes the process of opinion formation in a group where each agent weighs his own
and other members’ opinions on an issue and repeatedly modifies his opinion until a set-
tled opinion on the issue is formed. An agent always averages his original belief and the
latest belief of another agent:

W):%_%@ (16)

Only weighting those with similar beliefs

The literature has also considered versions of the DeGroot model with belief de-
pendent weights that represent situations in which the underlying communication pat-
terns are affected by the current beliefs of agents. Krause [30] and Hegselmann and
Krause [28] investigate such a belief-dependent model of weights, which assumes that
an agent pays attention to beliefs that do not differ too much from his own. In one ver-
sion, the agent places equal weights on the opinions within some distance from her own
opinion and zero otherwise. The convergence of beliefs according to such models is
studied in Krause [30], who, under mild conditions on the weight matrix, shows that the
set of agents can be partitioned into groups, such that each group reaches a consensus.
This model is also related to Deffuant et al. [13], where at each moment two agents are
randomly matched and then update their beliefs only if they are sufficiently close.

Naive learning with an uninformed agent

The models we have considered require that everyone in the population starts with
a signal (initial opinion) and the entire learning process evolves as an exchange of opin-
ions among an already informed population. Banerjee, Breza, Chandrasekhar and Mo-
bius [5] relax this assumption and allow signals to be sparse. In other words, they allow
the possibility that many or even most members of a network may start by having abso-
lutely no views on a particular issue, and only start having an opinion after someone
else shares their opinion with them. Learning uses the following rule:
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% if J()=0

(D)= z x, (1) (17)
% if J @)z

where J,(¢) denotes the set of individuals that agent 7 listens to who are informed at time

t. Following this rule, an uninformed agent i remains so as long as those he listens to are
also uninformed. When a set of individuals that agent i listens to receives information,
agent { will adopt the mean opinion of that set. When everyone in the population is
informed, the model reduces to the classical DeGroot model. The authors show that an
agent’s social influence is essentially proportional to the number of uninformed nodes
who will hear about an event for the first time via this agent. This result then allows us
to relate the structure of the network to information aggregation.

The models presented above are examples of generalized DeGroot models. They
have various objectives and study different aspects of social interaction. Consequently,
when choosing a model we should have a clear picture of the society that we are mod-
elling. Hence, it depends on who listens to whom and what the network structure looks
like. There are also hybrid models in the literature. Another research direction based on
the DeGroot model is the presence of strategic players in a society. Several important
contributions consider extensions where a subset of agents are “stubborn”, i.e., their
opinion is fixed to one of two values (see, e.g., [1, 40]).

5. Presence of strategic players in society

So far, we have considered a society with non-strategic agents. We assume now that
there exist individuals who try to impose their ideas on a society. We recall a variation
of the DeGroot model, developed in Grabisch et al. [27], who investigate a model of
strategic targeting in a social network and study the effect of prominent agents on the
beliefs of the society. The authors consider a similar setup as in the previous section
with a set N ={l, ..., n} of agents, more precisely, non-strategic agents (players, indi-
viduals), who have initial beliefs x,(0)€[0, 1], i € N, about some underlying state.

They interact and update their opinions as in the DeGroot model. Additionally, it is
assumed that there are two stubborn external (strategic) players, denoted by a; and a»
with “fixed” and opposite opinions, 1 and 0, respectively. Both of the strategic players
form exactly one link with a non-strategic agent in order to influence the formation of
opinions in the network. This framework is suitable for modelling many social, eco-
nomic, and political situations. For example, the non-strategic agents might represent
decision-makers or experts who have to make a certain decision by repeated discussions,
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while the strategic agents try to influence the final decision by “targeting” the opinions
of these experts. One can think of lobbying and targeting voters in political campaigns,
influence by media sources, targeting consumers in processes of product promotion,
among many others.

Grabisch et al. [27] introduce a non-cooperative (constant-sum) game played by two
external agents. Strategic agent g; uses a strategy s; that chooses one non-strategic agent
among N. There are also two additional parameters, denoted by A and x, which can be
interpreted as the impact of the external players. They can have different magnitudes. If
i € N is targeted by one or two external player(s), then, when updating his new opinion
on the given issue, besides the other non-strategic agents that i was listening to before,
he now also takes into account the strategic agent(s). Without going into detail, the nxn
matrix B representing the interaction among the non-strategic agents is extended to
a (n+2)x(n+2) matrix P, (s)withs=(s,,s,), that takes into account the presence of

the strategic players and their impact on the non-strategic agents. The opinion updating
rule now becomes:

X(t+1) =P, (5)x(2) (18)

where, as before, x(7) denotes the vector of opinions in time period ¢. Grabisch et al. [27]
prove that in this extended framework the convergence of opinions is preserved. They
characterize the asymptotic opinions of the non-strategic agents, which are independent
of their initial opinions. Moreover, their limit belief depends on 8, that is, it is deter-
mined by the positions of the strategic agents. This is a consequence of the presence of
the external players in the model.

Regarding consensus, such a society does not necessarily reach a consensus among
the non-strategic agents when the strategic external agents enter into the interaction.
However, if a,and a, target the same individual, i.e., if s, =s,, then the agents in N

reach a consensus, which is determined by the relative impacts of the external agents,
and is equal to o = A/(A + w). In particular, if A=y, i.e., if the external players are

equally influential, then the consensus is & = 1/2. This is highly intuitive: since the stra-
tegic agents are equally strong and have the extreme opinions 1 and 0. In the long run,
the society ends up with an opinion midway between the two strategic ones.

Besides an analysis of convergence and consensus reaching, Grabisch et al. [27]
study the existence and characterization of a pure strategy Nash equilibrium in the ex-
tended framework with strategic agents. The existence of a pure Nash equilibrium de-
pends on the network structure. The equilibrium is characterized by the so called influ-
enceability and centrality of the targeted non-strategic players.

Rusinowska and Taalaibekova [36] extend the model of Grabisch et al. [27] by in-
troducing one more strategic player, a central persuader with an opinion equal to 1/2.
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Their model can often provide a more realistic explanation of the political and socioec-
onomic spectrum.

6. Conclusion

In this paper, we have provided a short discussion of several papers examining dif-
ferent frameworks of opinion formation and learning in social networks. We have men-
tioned both Bayesian and non-Bayesian approaches to social learning, but our focus was
on non-Bayesian (imitation) models — the DeGroot model and its variations. We have
shown some shortcomings, as well as advantages, of that model. We have presented in
more detail several generalizations of the DeGroot model and emphasized the main in-
sights resulting from some other extensions. The idea was to present different models
based on the DeGroot model of learning that have various research applications and ask
different questions. For example, Golub and Jackson [25] show that the existence of
prominent agents or groups of opinion leaders can prevent efficient learning. On the
other hand, Buechel et al. [10] find that even if wisdom cannot be ensured due to prom-
inent agents, it is still possible to achieve wisdom if these agents are sufficiently con-
formist. Moreover, Golub and Jackson [25] provide sufficient structural conditions for
attaining wisdom. The results obtained show that the efficiency of learning can depend
on the way in which the social network is organized. Hence, the main question of Golub
and Jackson [25] is whether large societies with naive agents can come to the correct
aggregated information. The authors give a positive answer, but only if the society
spreads attention uniformly enough and does not pay excessive attention to some par-
ticular groups. In such a situation, society can learn efficiently.

As we have already mentioned, Buechel et al. [10] introduce heterogeneous agents
with different levels of conformity into the model of DeGroot [14]. We have learned
from their work that convergence in such societies can be achieved when all of the
agents are conformist or honest.

Furthermore, we have recalled a model with external (strategic) players that have
the goal of imposing their ideas on a society [10]. The external players possess opinions
that do not change over time, while the non-strategic players update their beliefs as in
the DeGroot model. The structure of the interaction matrix differs from the classical
one, and consequently, the asymptotic opinions do not depend on the vectors of initial
opinions. The answer to the question regarding whom should we target, usually depends
on the relative strengths of the strategic players. If the external agents are equally pow-
erful, the relative importance of centrality is increasing in the impact of the strategic
agents and decreasing in the size of the network. When there is a significant inequality
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between the powers of the external players, then there is no pure strategy Nash equilib-
rium, and the low impact player uses a mixed strategy to “hide” his targeted non-strate-
gic agent from the influence of his opponent.

Obviously, our short discussion of various models of imitation did not include all
of the related articles. A large amount of work on learning and opinion formation is
available in the literature, since social networks are a powerful tool for modelling and
predicting humans’ opinions and behaviour, and their various results show the intuitive
consequences of interactions in real life.
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