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ON SOME PROPERTIES OF COMPOSITE
DISTRIBUTED LAG MODELS

The analysis presented in this paper is focused on basic properties of discrete distributed lag
models. Such models are commonly used to model dynamic systems in various applications. In the
presented considerations, time-varying distributed lags have been analyzed. Composite distributed lag
models analyzed in this paper result from the summation or superposition of component distributed
lag models. The analysis is restricted to models with a lag distribution, whose mean lag and variance
exist. The paper presents relationships between the mean values and variances of the lag distributions
of composite distributed lag models and of the component distributed lag models, as well as the rela-
tionships between the variance of the random term of composite distributed lag models and the vari-
ance of the random term of the component distributed lag models.
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1. Introduction

Distributed lag models describe a particular kind of relationship between depend-
ent and independent variables. Generally, a change in the value of the independent
variable causes a change in the value of the dependent variable in the same and later
periods. That change in the dependent variable is often distributed over time. Distrib-
uted lag models constitute parts of many models used to describe dynamic systems.
Their history in economics started with the works of Fisher [3]; significant contribu-
tions were made by, for example, Koyck [12], Almon [1], Jorgensen [9], Griliches [8],
and Dhrymes [5]. In most cases, distributed lag models assume constant parameters.
However, there are also studies tackling models with coefficients changing in time
[13-15, 4,6, 7].
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This paper focuses on the properties of composite models which result from com-
bining distributed lag models in the form of a sum or superposition of component dis-
tributed lag models*. Under certain assumptions, such models also belong to the class
of distributed lag models.

A distributed lag model facilitates distinction between two important factors: the
lag mechanism which distributes the impact of a change in the independent variable
on the dependent variable over time, and other circumstances usually represented by
the random term. In the case of distributed lag models with time-constant lag struc-
tures, it is conventionally accepted that the lag mechanism is deterministic. In the case
of time-varying distributed lag structures, the changes in the lag structure can be at-
tributed to various causes: seasonal, structural, technological, as well as random.
However, in this paper the sources of variability in the lag structure are assumed to be
exogenous. This class of distributed lag models is important in the description of sys-
tems whose components can be described by distributed lag models and where it is
necessary to account for significant changes in the lag mechanism. Supply systems are
a relevant example; they consist of elements arranged either in series or in parallel.

The basic concepts of distributed lag models are presented in Chapter 2. In Sec-
tion 3.1, the properties of the sums of distributed lag models are presented, while Sec-
tion 3.2 contains considerations concerning the superposition of distributed lag models.

The use of lag operators and generating functions simplifies notation and facili-
tates transformations. The presentation of these notions in this paper is limited. Those
who are interested in more advanced topics should consult other authors, as for exam-
ple, Kozniewska [10], Kenkel [11] and Dhrymes [5].

Some variables used in this paper are described using one or two subscripts.
Whenever the risk of ambiguity appears, indexes are separated by comas.

2. Basic concepts

A discrete time distributed lag model is written in the form of the following ex-
pression [5, 8, 13]:

Vi zzvﬁ X_;T& (1)
i=0

*In electrical circuits such configurations of components are called parallel and series connections.
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where: x;, — independent variable in period ¢, y,— dependent variable in period ¢, v, — lag
coefficients of the lag structure satisfying conditions: v, >20,0= 0,1,2, .., - time
independent random variable with expected value

E(s,)=0
with finite variance

D’(g)=0"

t

and fork=..,-2,-1,1,2, ...,
cov(g,, €,,)=0

The sequence V,, given for each time period which consists of the lag coefficients
vi, 1 =0, 1, 2, ..., is called the lag structure. Throughout this paper, it is assumed that
the so-called long-term multiplier a, defined as

o0
a, = Zvn
i=0

is finite. For non-trivial lag structures, it is also positive (because it is assumed that all
vi20,i=0,1,2,..).
If model (1) fulfills the above assumption, it can be written in the following form:

Y, =a,) WX, +¢, )
i=0

where the coefficients w,, i =0, 1, 2, ..., are obtained by standardizing the coefficients
of the lag structure v,;, i =0, 1, 2, ...,

Vii Vii

w, =—=

a 00
t
Z%
i=0

The sequence W, of coefficients wy;, i = 0, 1, 2, ..., is called the lag distribution.
Further considerations are based on the assumption that there exists a mean value
M(W,) and a variance D*(W,) of the lag distribution W, in all time periods (note that
there exist lag distributions with undetermined mean values):
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MW) =3 iw, (3)

D*(W) = Z l—M(W) Zl w,— M>(W,) 4)

i=0

Lag operators and generating functions simplify the notation and facilitate trans-
formations.
The lag operator L is a transformation* with the following properties:

Lx,=x,_, %)

L’x,=LLx,=Lx, \=x,_» (6)

L% =x_p k=..,-2,-1,0,1,2, .. (7
L'L'=1*"  kil=..,-2,-1,0,1,2, .. (8)

L% = 1x,=x, 9

‘L= =1"=1, k=.,-2,-1,0,1,2, ... (10)
(el +e. LY xo=eixp_p + eaxiy,  kI=..,-2,-1,0,1,2, ... (11)

where: x, — independent variable, real number, 1 — identity operator, such, that 1x, = x,,
¢y and ¢, — given scalar numbers.

Further considerations are based on the assumption that the lag operator L influences
only the independent variable, and not the lag coefficients. In consequence, these con-
siderations are less general, particularly in the case of the superposition of distributed
lag models, though this assumption significantly facilitates analysis. However, it does
not exclude cases where the values of the lag coefficients depend on their values from
earlier periods.

The polynomial operator C,(L) based on the set of coefficients C, = ¢y, ¢y, Cp, -
can be expressed in the following form:

.oy

CL)=Ye,r
i=0

where ¢,;, i =0, 1, 2, ..., are non-negative coefficients given for every time-period ¢.

*The symbol L is used here as in [4]. However, in some sources the symbol B (backward shift opera-
tor) appears, while in papers related to technological applications, the symbol z is used.
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Sums and products of the polynomial operators based on two sets of coefficients
(cV,c?,c?,..) and (c?,c'?,c?, ...) have the following properties:

CO(L)+CP(L) = ZC“)L’Jch(”L’ i(c,(,”Jrcf,z))L

i=0

) (12)
COLYCE L) =Y VLS L =Y e, 1!
-0 i=0 i=0

where

¢, = Zc(lv)c,(,‘z). i=0,1,2,... (13)

is a convolution.
It is important to note that the assumption concerning time independence of the
lag coefficients results in the product of polynomial lag operators being commutative:

C(l)(L)C(Z)(L) ZC(I)LIZ (Z)Ll ZC(Z)EZC(ULI C(z)(L)C(l)(L)

= i=0 = i=0

Using polynomial lag operators, relationship (1) can be rewritten as:

¥, =(ZvﬁL’th +¢&, =V (L)x, +e,
i=0

or

W.(L)x, +¢&, =a{2wﬁlf}c[ +é, (14)
i=0

where V,(L) = Zvﬁ L' is a polynomial lag operator built on the lag structure V..

The generating function V() built on the lag structure V; is defined as follows:

V0)=3,6 (15)



10 J. GADOMSKI

where: v,;, i =0, 1, 2, ..., are the coefficients of the lag structure V,, and the variable
is a real number.

The generating function W,(#) of the lag distribution is represented by the expres-
sion

W,0)=3 0" (16)

where: w,, i =0, 1, 2, ..., are the coefficients of the lag distribution W,.

In further considerations, the following properties of the generating functions are
important:

o for 6 = 1 the value of the generating function W,(6) is equal to one:

w(1)=1 (17)
o the ith derivative of W,(6) with respect to 8 for 8 = 1 is equal to the ith coeffi-
cient of the lag distribution multiplied by i!:
dL’.(l)zi!w”., i=0,1,.. (18)
de'

¢ the mean value M(W,) of the lag distribution W, is given by

aw,(1)
MW)=—~—= 19
) 20 (19)

o the variance D*(W,) of the lag distribution W, is given by

2 2

do do do

or
aw.
D2 7) = b o) - [

3. Composite distributed lag models

In the analysis of composite distributed lag models, two types of relations between
the component distributed lag models are considered:
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e sums (configured in parallel),

e superposition (serially configured).

In the ensuing analysis, the deterministic properties of composite distributed lags
will be considered first, followed by random ones.

3.1. Sum of distributed lag models

A sum of distributed lag models occurs whenever a certain variable y; is a sum of

n variables y’, j=1,2, ..., n, all depending on the same independent variable x;:

— (2)
)4 _')G 4_)G

o0 o0 o0 n
_ 0 2) (n) 0]
—Zvﬁ xH+Zvn. X et Zvﬁ” xH+Z€/ (21)
i=0 =0

i=0

i=0
0 n 0

— (/) —

- Z thi Xioi + & = thixt—i + &
i=0 i=0

J=1

oty

where all the random components &

,j=0,1,2, .., n,are independently distributed
and have expected values equal to zero, E(g’)=0, and finite variances

D*(e) = (0'(”)2 < o0, and
, v.o=) v (22)

Equations (21) and (22) imply that the model (1) can be interpreted as a sum of

simple lag models of the type: yi” =vi/x,_; + &, j=0,1,2, ..., n.

If the component distributed lag models y’, j=1, 2, ..., n (Eq. (21)) have lag dis-

tributions, then the long-term multiplier of the resultant model is equal to
a,=3 a’=3 %/ (23)

while the coefficients of the resultant lag distribution W, (summing the component
distributed lag models with lag distributions W', j = 1, 2, ..., n) are given by the
following relationship:
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N %
w, = Z ——w;, (24)
a

where wf;”,i =0, 1, 2, ..., are the coefficients of the component lag distributions
W,‘-’ ), j=1,2,.., n From Eq. (24), it follows that the lag distribution W, can be writ-
ten in the following form:

n g

W = t_W(J')
t

t
j=1 4

Relationship (23) is derived from the definition of the long-term multiplier.
Note that the value of the long-term multiplier a; is the sum of the long-term mul-

tipliers af-’ ), j=1,2, ..., n, of the component distributed lag models, while the value of

the resultant ith lag coefficient w,,i = 0, 1, 2, ..., is the weighted average of all the

ith coefficients of the component distributed lag models, where the values of the
weight coefficients are determined by the shares of the jth long-term coefficients in

the value of the resultant long term-coefficient at(‘i )/at, j=12,..,n.

If each component distributed lag model has lag distribution " and finite mean
value M (Wt(j N, j=1,2, ..., n, then the mean value M(W,) of the resultant lag distribu-
tion W, can be expressed by the following formula:

1) (n)

(2)
MOF) =" M)+ S MOFD) ot S MOT) (25)

t at t

The above relationship is derived from the definition of the mean value of the lag
distribution:

00 n . n 00 X X n 3 0 B
SEw STa SaSel
_ =l i=1

i=l j=1 j=1i=1 4, i
MW)=—tr—="1=3 ; =2 MW"
() ) () j=
22w 2w 2
i=0 j=1 j=1i=0 j=1

The mean value of the resultant lag distribution (Eq. (25)) is the weighted average
of the mean values of the component lag distributions, where the corresponding
weight coefficients are determined by the shares of the jth long-term coefficients in

the value of the resultant long term-coefficient af’ )/at, j=12,..,n
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The relationship between the variance of the resultant lag distribution D*(W;) and
the variances D*(W,"’) of the component lag distributions is given by the following
formula:

RUAEDS

j=1

a
Zp (W(J)) "(26)
at
The proof of the above relationship is based on the fact that inequality (26) can be
expressed in the following way:

or

n_ ()

DZ(VVt):Za;_[DZ(VV;(j))+M2(VI/t(j)):| (an

(

t

. M(W(J))J

DI LGRS SR ZION b sl
D ) ) a
a =

J=1 % =1 4 t

3

o @ )
a . . a . .
> iy Sl = > Pw =Y [ D)+ M (W) ]

=0 j=1 4, j=1 4, =0 j=1

On the basis of the above equation, it suffices to show that the following inequali-
ty is true:

i (J)M (W(,))>|:Z M(W(/))j|

l t

The proof is based on the Cauchy—Schwarz inequality, where for any finite se-
quence of real numbers ¢; and b;, j = 1, ..., n, the following relation holds (see [2]):

2
2. 2.b) > (chbfj
J=l el =
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(J)
Defining the parameters ¢; and b;, j = 1, .., n, as ¢, = M(W(”)
. \f a

b, = @ la,, and substituting them into the considered inequality, we obtain

n al(f) ) ) n at( n (j) ) 2
D A=MEWI Y Z =MW
j=t 4 j=t 4

t

From the assumption

it follows that

ng? n g y 2
P (R UADE DI (UAD!
j=1 j=1

t t

thus completing the proof of inequality (26).
In the case of the sum of just two distributed lag models, relationship (26) takes
the following form:

D*(W,) = D{ W+ W“’]
t at
_ t D (W(”)+ D (W”) a(l)a(z) M W“) M W<2>
= R L LA R )|
t t t

The proof of the above relationship makes use of Egs. (5)—(26).

D? iW(l)_,_ﬁW(Z) d2 r(l) (1)(1)+ a,” (2>(1)
a a ' dé’ a

t t

LA e W“)(l)+ W(z)(l) d e W<”(1)+ W<2>(1) 2
do a, do| q, a,

By differentiating and using (19), one obtains:
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(1) d W(l)(l) (2) d W(Z)(l) (1)
+
a de? a de’

t t t

D*(w,) =4 ——Mw")

Cl(z

+’—)M(W,<2’)[ M)+ M(W”’)}

t l t

By rearranging the terms, we get:

(1) d W(l)(l) (1)

(1)
MWy -=—M*W"
1 W)= W)

l‘ t

PEUARES

a,

(2) (2) (2)
N ARON

M W(Z) M W(Z)
1 W) - ™)

a t t

t

[ a” M@y + 4 M(W‘z))} M (W“>)+ M W)

a

t l‘ t

@ 2)
=4 p(m)+ D (W) + & AP+ A )

at a[ t t

a(l) (2) (l)a(z)
- MMy - MWy =25 Oy M )
a a a

t t t

a(l) 4" (W(l)) (2)

a a a

t t t t t

() (2)
D)+ “y (W”)( "aJ S L UAD

(2) a(l)a(Z)
x — 2L MWYMW).
Cl

a,

From the following formula:

(@] (2)

a a

L 4t -]
a a

we get
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(1) a(l) ()

DZ(W(I)) D2 (W(Z)) e S /s (W(l))
t at t

m @) aVa®
+ 4 M) 25 S Y M ()

at at

1) ) (2)

_4 DZ(W‘”) DZ(W(Z)) 4 4 [M(W“)) M(W‘Z))}

a, a

a

t al‘

which was to be proved.

Relationship (26) shows that in the general case increasing the number of summed
distributed lag models causes an increase in the variance of the variable described by
the resultant distributed lag model. An exception occurs when all the mean values of
the summed distributed lag models are equal; in that case the variance of the lag dis-
tribution described by the resultant distributed lag model is equal to the weighted av-
erage of the variances of the lag distributions described by the component distributed
lag models.

)

Based on the assumption that the random terms &,”’, j = 1, ..., n, are independent,

it is obvious that

E(¢)=0 and D2(gt):iD2(8t(j))

j=1

3.2. Superposition of distributed lag models

Superposition of distributed lag models occurs when an independent variable y!"!
is determined by a distributed lag model whose argument is the independent variable
y!"1, which in turn is also a dependent variable with regard to a certain independent

variable y!"~*), etc. Thus
ti

yl[n] — iv(n)y[n 1] + g(n) V(n) (L)y[n 1] + g(n)

[n 17 _ (n-1) [n 2] (n-1) _ 1/(n-1) [n-2] (n-1)
+&"=V"7(L)y" T + g
Z (27)

“] = Zv” X+ 8(1) = V(”(L)x + 8(1)
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In Equations (27), all the random components &’

.7 =0,1,2, .., n, are inde-

pendently distributed and have expected values equal to zero, E(&')=0, and finite
variances D’ (&) = (0”) )2 < oo,
On the basis of Eq. (14), recursive substitution using the equations in (27) makes it
possible to present the dependent variable ! in the following form:
AT
W=V L), + VO (@)s! + &

v =V WYLV Lx, + VLV D + VI (L)e + e

W=V L) .. x VP (L)x,
+ V(L)% x V(D) + V(L) .. x VIO(L)e? + ...+ VgD 4 g™
or in a more concise form:

W =r L)y, + & (28)

where the expression:
k .
W =TT w
j=1

denotes the polynomial operator being the product of the polynomial operators
ViHL),j=1,2, ...k k=1,2, .., n, and the term:

g = i Vt[nDL) e®
TN
denotes the random component of the composite distributed lag model obtained by
superposition of # distributed lag models.

Note that the coefficients of the polynomial operators K[k](L), k=1,2, .., n, cor-

respond to lag structures ¥*) (all the coefficients are non-negative) consisting of lag

coefficients v\*!, i=0, 1,2, ...

t—1°
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If there exist lag distributions W, w® ... W built on the lag structures

v y® V", relationship (28) can be expressed in the following form:

n [n]W[n](L) (k)

(0] — ] pind
y=a" W(L)x, +z 2T © (29)

where the long-term multiplier a*! is the product of the long-term multipliers a'”,

i=1,2,.., k k<n of the component distributed lag models.
k .
agk] _ Hat(l)
i=1

It is worth noting that W' is also a lag distribution, its coefficients are non-

negative and they sum to 1, which follows from the fact that for = 1 the value of the
generating function W,(0) is equal to 1. On the basis of (16):

won=1, i=12, ..

hence:
ANORS | ZANORS!
i=1

The mean value M (W) of the lag distribution W™ of the superposition of n
distributed lag models is the sum of the mean values M (W"),i=1,2,..., nof the
component distributed lag models:

M) = M)+ MOV + .o+ MOV (30)

The proof of relationship (30) is based on the derivative of the product of func-
tions:

awt @y _d[WO@x <m0 O] [ (e aw @) 1
0 a0 L P

-
‘ 0=1 !

=3 P S ony =

i=1
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The variance D*(W!"') of the lag distribution W™ of the distributed lag model
built as the superposition of n distributed lag models is the sum of the variances
DZ(VI/t(i)), i =1, 2, ..., n of those models.

D) = DX W)+ D WD) ..+ D (W) (1)

The proof of relationship (31) is also based on Eq. (19) using the formula for the
second derivative of the generating function:

PO [P Ox WEO] e,
do’ 6’ o

n dZVVt(i)(g) 1 n dVVl(i)(H) 1 2 dVV[(i)(Q) 1 2
X Z 2 Gy Z (0 _z 0]
= 4 w0 |5 d0 wOO) | S| d0 W)

dZVVt["](l) n dZVVt(i)(l) n . 2 n .
ST Y +[;M(VK())}_I-1M2(W’())

Taking into account the above equation, one obtains:
n - de(i)(l) - i X i
D>y = Z’—Z+ZM(WZ( ))_ZMZ (VI{‘ ))
i i=1 i=1

d W(l)(l) MY\ _ 2 (i) _ . 2 (i)
—Z[ e ()02 () | = 3 0t 0n)

i=1

which was to be proved.

To analyze the random component of the composite distributed lag model result-
ing from the superposition of n distributed lag models, we examine the last term of
equation (28):

n [n]
g[n] — I/t (L) (k)
= AR

It should be noted that the above expression can also be rewritten in the following
form:

&M =3V (L) e 31)
k=1
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or
g =3a"WH(L)e" (31a)
k7
where
V(L) N o+ n
AR e A A GESAD
t
(k) a,[] Kl k+2 (n)
a, =T =aq,"a, " x..xa, (32)
) WL e + .
WD) == W) w2 (L)< x W (L)

Hence, the random term g[”] in (31) is the sum of n products of the kth long-term
multiplier /"', the kth lag operator " (L) and the random term &* of the kth

component of the distributed lag model, k=1, 2, ..., n.
Now, equation (31) can be written as:

[ﬂ] _ ZV’J»‘(L) g(/»)
k=1

8

{n—1} (n 1)
+2 e

+ N p it g(m

t t i*

{n} (n) (n)
Note that Zv g =¢&".

i=1
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The expected value of the random term gt["] is equal to:
g"=0

because

8

k=1 k=1 i=0

E(&'t[”]) :E[ZVt{k}(l’) 8t(k)j Z {k}E(g(k)

[n

The variance D*(&!") of the random term &' is equal to:

n—1

D)= Zafk}( (k)) —a(")+2a*“( ;(k))z

k=1
because
Dz(gt[”])zDz[ZVt“‘}(L) g;“j ZZV{k}D ")
k=1 k=1 i=0
n N N2
- sz{k}(am)z — Zat{k’ (GU»))
k=1 i=0 k=1
and ¢ =1.

4. Conclusions

The mean value of the lag distribution described by a distributed lag model com-
posed as the sum (parallel connection) of distributed lag models is equal to the
weighted average of the mean values of the lag distributions of the component distrib-
uted lag models. The variance of the lag distribution described by a distributed lag
model composed as the sum of distributed lag models (parallelly connected) is greater
than the sum of the variances of the lag distributions of the component distributed lag
models. An exception to this rule occurs when all the mean values of the component
lag distributions are equal. In this case, the resulting variance is equal to the sum of the
variances of the component lag distributions. The expected value of the resulting ran-
dom term is equal to zero and its variance is the sum of the variances of the compo-
nent lag distributions.
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The mean value of the lag distribution described by a distributed lag model com-
posed as the superposition (series connection) of distributed lag models is equal to the
sum of the mean values of the component lag distributions. The variance of the lag
distribution described by a distributed lag model composed as the superposition of
distributed lag models is equal to the sum of the variances of the component lag distri-
butions. The expected value of the resulting random term is equal to zero and its vari-
ance is equal to the weighted sum of the variances of the component lag distributions
where the weight coefficients are the products of the component long-term multipliers.
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