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A COMPUTATIONAL STUDY OF APPROXIMATION ALGORITHMS
FOR A MINMAX RESOURCE ALLOCATION PROBLEM

A basic resource allocation problem with uncertain costs has been discussed. The problem is to
minimize the total cost of choosing exactly p items out of n available. The uncertain item costs are
specified as a discrete scenario set and the minmax criterion is used to choose a solution. This prob-
lem is known to be NP-hard, but several approximation algorithms exist. The aim of this paper is to
investigate the quality of the solutions returned by these approximation algorithms. According to the
results obtained, the randomized algorithms described are fast and output solutions of good quality,
even if the problem size is large.
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1. Introduction

In the paper, we consider the following problem: we are given a finite set of items
E = {ey, ..., e,}. In the deterministic case, each item e; € E has a nonnegative cost ¢;
and we wish to choose a subset X of exactly p items, i.e. |X| = p, to minimize the total
cost F(X) = X .cxc;. This is one of the simplest combinatorial optimization problems
and it is easy to check that the optimum solution is to choose p items with the smallest
costs. Furthermore, this optimum solution can be constructed in O(n) time. The prob-
lem can be seen as a basic resource allocation problem [4] or a special case, solvable
in polynomial time, of the 0-1 knapsack problem [5, 9], where the costs of all the
items are equal to 1.
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In this paper, we discuss the case when the item costs are uncertain. Namely
a scenario set T is specified, which contains all the possible vectors of the item costs.
These vectors are called scenarios. No probability distribution on I" is given. For
a given cost scenario, S = (¢((S), ..., c.(S)), we define the cost of X under S as F(X, S)
= Y eiexci(S). In order to choose a solution, we apply the minmax criterion, namely we
seek a solution which minimizes the largest cost over all scenarios. Let cost(X)
= maxs.rF(X, S). We thus consider the following optimization problem:

OPT = minxc gcost(X) )]

where @ = {X: |X| = p} is the set of all feasible solutions. Problem (1) belongs to the
class of robust discrete optimization problems, where we seek a solution maximizing
performance in the worst case. A detailed description of the robust approach and vari-
ous robust criteria can be found in the book by Kouvelis and Yu [9]. We also refer the
reader to the paper by Aissi et al. [1] and the book by Kasperski [6] for a survey of the
recent results in this area. In general, the robust approach can be applied if there is no
additional information provided with the scenario set (for example a probability distri-
bution) and decision makers are interested in maximizing performance of the explored
system in the worst case scenario.

There are several methods of defining the scenario set I' which have been pro-
posed in the existing literature. Using the interval uncertainty representation, each

+

item cost ¢; is known to belong to a closed interval [c;, ¢, ], and the scenario set I" is

the Cartesian product of all the uncertainty intervals. However, in this case the min-
max problem (1) is trivial, because it is enough to find an optimum solution for the
pessimistic scenario (¢, ..., c¢,). For the interval uncertainty representation, the

problem with the minmax regret criterion, which is based on the largest deviation from
the optimum over all scenarios, is more interesting [2, 3, 8].

In the discrete scenario representation, the scenario set I contains K > 1, explic-
itly given cost vectors, i.e. I' = {S|, ..., Sx}. In this case, problem (1) is much harder to
solve. Namely, it is NP-hard even for 2 scenarios [2]. Furthermore, it becomes
strongly NP-hard and not approximable within any constant factor, if the number of
scenarios is a part of the input, unless P = NP [7]. So, there is no hope of constructing
a fast algorithm, which returns an optimum solution, if the problem size is large.

There are several approximation algorithms known for the problem. If the number
of scenarios K is fixed, then there exists a fully polynomial time approximation scheme
[1] which is however exponential in K and can be applied in practice only if the number
of scenarios is small. This problem also has a simple deterministic K-approximation
algorithm [1], and a randomized O(log K)-approximation algorithm [7]. We will give
a clear description of these algorithms in the next section.



Algorithms for a minmax resource allocation problem 37

The aim of this paper is to explore the quality of the solutions returned by these
approximation algorithms. In Section 2, we describe in detail the exact and approxi-
mation algorithms known for the problem. In Section 3, we present the results of com-
putational tests, which characterize the efficiency of the exact method and the quality
of the solutions returned by the approximation algorithms.

2. Exact and approximation algorithms for the problem

We first recall an exact method of solving the problem, which is based on mixed
integer programming. Let us introduce the binary variable x; € {0, 1} such that x; = 1
if and only if the item e; is chosen. We can then obtain an optimum solution to prob-
lem (1) by solving the following mixed integer linear programming problem:

min 7

X +x,+...+x, =p

%6 (8)+x,6,(S)+...+ x,¢,(S)<T forallSeTl 2)
x,€{0,1}  foralli=1,...,n
T=0

Of course, solving (2) is NP-hard, thus this approach is efficient only when the
problem size is not very large. In the next section we will investigate how large prob-
lems can be solved efficiently using formulation (2). Notice that if we replace the bi-
nary constraints x; € {0, 1} by 0 <x; <1 forall i = 1, ..., n, then we get a linear pro-
gramming relaxation of (2). This relaxation is solvable in polynomial time and gives
us a lower bound on OPT.

Let ¢/ = (1/1025E rciS) be the average item cost over all scenarios and let X’ be
an optimum solution for the average costs. It can be easily shown that the maximum
cost of the solution X’ is at most K times larger than the maximum cost of an optimum

solution, i.e. cost(X") < KxOPT. The easy proof proceeds as follows (see also Aissi et
al. [1]). For any solution X, we have:

cost(X) =maxg F(X, §) ZLZF(X, S)
Serl’

1 , 1 , 1 ,
>—>'F(X,8)= EmaxSErF(X ,S) ZEcost(X)

Ser

In consequence, if cost(X) = OPT, i.e. X is an optimum minmax solution, then
cost(X") < KxOPT. We thus get a polynomial K-approximation algorithm for the prob-
lem. We will denote this simple approximation algorithm as Average.
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The bound for the algorithm Average is tight, which is demonstrated in Table 1.
We have a problem with 2K elements, K scenarios and p = K. Each of the 2K items
has the same average cost, so the algorithm Average may return the solution X’ = {ey,
e, ..., ex} such that cost(X") = K. But the optimum minmax solution is composed of

the items = {ex+1, ex+, ..., €2x} and its maximum cost is equal to 1. Thus, for this case
we obtain cost(X") = KxOPT.

Table 1. An instance of input data
for which the algorithm
Average returns a bad solution

AN S5H Sk

e 1 0 0
) 1 0 0
1 0 0

ex 1 | o0 0
€K+1 1 0 0
exn | 0 | 1 0
Cox 0 0 1

We now recall an approximation algorithm with a better worst case ratio, which
was constructed in the paper by Kasperski and Zielinski [7]. Let E(7) be the subset of
the items such that e; € E(7) if and only if ¢{S) < T for all scenarios S € I'. In other
words E(7) contains all the items whose costs do not exceed 7 under any scenario.
Consider the following system of linear constraints:

X +X, +...+x,=p
%6 (8)+x,6,(S)+...+x,¢,(S)<T for all Se T

x,=0 for all ¢ ¢ E(T) (3)

0<x,<1 forall i=1 ..., n

Using binary search, in polynomial time we can find the minimum value of 7, de-
noted by T*, for which the system (3) is feasible. Clearly T* is a lower bound on OPT,
i.e. OPT > T*. Let x|, ..., x, be a feasible solution to (3) for T*. Consider now the
following algorithm:

Randomized
Step 1. X =, k:=0,z =0
Step 2. k:=k+1,Y =, for each ¢; € E add ¢, to Y with probability x;
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Step 3. If |Y| > p and cost(Y) <z then X :=Y and z := cost(Y)
Step 4. If k <log n/(log 2n — log(n + 2)) then go to Step 2
Step 5. If |X| > p then output any p items from X otherwise output &

The algorithm Randomized is a randomized algorithm for problem (1). In Step 2,
it constructs a set Y by performing a randomized rounding of the solution x;, ..., x,

of the linear relaxation. This step is repeated a certain number of times and the best
solution found is returned. Notice that this algorithm may fail to return a feasible solu-
tion. This bad event happens if the cardinalities of all the sets Y constructed in Step 2
are less than p. In this case, the empty set is returned. However, the probability of this
bad event is very small. The following theorem characterizes the performance of the
algorithm Randomized:

Theorem 1. If n > 11 and K < n’, then the algorithm Randomized returns a feasi-
ble solution X, such that cost(X) = O(log K) OPT with the probability at least 1 — 1/n
(Kasperski and Zielinski [7]).

Theorem 1 states that the algorithm returns a feasible solution of maximum cost at
most O(log K) OPT with a high probability. The assumptions of the theorem are tech-
nical, but not restrictive. We thus can expect that the algorithm Randomized will re-
turn better solutions than the simple K-approximation algorithm Average, which re-
turns an optimum solution for the average costs. We will verify this conjecture in the
next section.

3. Results of the computational tests

In this section, we present the results of computational tests. The aim of the tests
was to explore the quality of the solutions returned by the approximation algorithms.
Let (n, K, U) be an instance of the problem, where » is the number of items, K is the
number of scenarios and the cost of each item under any scenario is a number chosen
uniformly at random from the interval [0, U]. We assume that p = n/2, which gives us
the largest solution space. We fixed n = 100, 200 ..., 1000, K = 2, 4, ..., 10 and
U = 10, 1000. For each combination of #n, K and U we randomly generated 10 in-
stances and performed the tests using them.

We first computed the optimum solutions by using the mixed integer program-
ming formulation, see problem (2). In order to solve the problem, we used the CPLEX
12.1 solver and a computer equipped with an Intel Core2 Duo E6550 2.33 GHz proc-
essor with 2 GB RAM and a 64-bit operational system. Unfortunately, we were unable
to solve some instances with K > 8 in reasonable time. In this case, we only computed
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lower bounds on OPT by relaxing the binary constraints in formulation (2), i.e. by
replacing the constraints x; € {0, 1} by 0 <x; <1 forall i = 1, ..., n. The average run-
ning times required to solve the problems are presented in Table 2.

Table 2. The average running times [s]
required by CPLEX to solve the problem
for various » and K for U = 1000*

K
2 4 6 8 10
100 | 024 | 045 [ 1.00 | 3.15 | 8.92
200 | 031 | 072 | 12.83 | 111.70
300 | 026 | 2.73 | 41.44
400 | 029 | 254 | 114.89
500 | 028 | 4.06
600 | 030 | 3.12
700 | 033 | 3.11
800 | 031 | 347
900 | 034 | 259
1000 | 039 | 291

n

*Empty boxes denote that the authors were unable
to solve the problem due to memory limitations.

As we can see in Table 1, the time required by the CPLEX solver to compute an
optimum solution grows quickly with the number of scenarios. If the number of items
exceeds 400, then an optimum solution can be quickly computed for up to 6 scenarios,
otherwise we get an “out of memory” message from the solver.

Table 3. The minimum, average and maximum percentage deviations
from the optimum reported for K =2

U=10 U=1000

n Average Randomized Average Randomized

Min. | Av. | Max. | Min. | Av. | Max. | Min. | Av. | Max. | Min. | Av. | Max.
100 | 0.51 | 546 | 11.01 | 0.00 | 1.38 | 4.16 | 0.00 | 6.89 | 18.31 | 0.00 | 0.53 | 1.36
200 | 1.12 | 5.41 | 13.87 | 0.02 | 0.99 | 2.28 | 0.18 | 3.95 | 10.20 | 0.00 | 0.50 | 1.50
300 | 0.86 | 3.84 | 8.82 | 0.07 | 028 | 0.86 | 0.54 | 345 | 8.78 | 0.02 | 0.66 | 1.60
400 | 0.73 | 3.58 | 6.74 | 0.00 | 0.21 | 0.53 | 0.51 | 3.31 | 5.59 | 0.00 | 0.32 | 0.99
500 | 0.44 | 3.67 | 6.61 | 0.00 [ 032 | 097 | 0.54 | 2.34 | 7.40 | 0.02 | 0.34 | 0.89
600 | 0.18 | 2.71 | 6.18 | 0.04 | 0.23 | 0.70 | 0.33 | 295 | 7.97 | 0.00 | 0.17 | 0.55
700 | 0.25 | 2.50 | 439 | 0.00 | 0.17 | 0.43 | 0.56 | 291 | 579 | 0.02 | 0.12 | 0.24
800 | 0.97 [ 3.08 | 7.11 | 0.00 | 0.12 | 037 | 0.06 | 2.86 | 7.00 | 0.01 | 0.14 | 0.37
900 | 0.20 | 231 | 426 | 0.00 | 0.11 | 042 | 043 | 193 | 6.02 | 0.00 | 0.10 | 0.29

1000 | 0.65 | 1.68 | 2.55 | 0.00 | 0.11 | 0.32 | 0.60 | 1.97 | 3.31 | 0.00 | 0.12 | 0.31
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We next computed approximate solutions by applying the two approximation al-
gorithms, Average and Randomized, described in the previous sections. For each par-
ticular instance, we reported the minimum, average and maximum percentage devia-
tion from the optimum (or the lower bound for larger K). The results obtained are
shown in Tables 3—7.

Table 4. The minimum, average and maximum percentage deviations
from the optimum reported for K = 4

U=10 U=1000
n Average Randomized Average Randomized
Min. | Av. | Max. | Min. | Av. | Max. | Min. | Av. Max. | Min. | Av. | Max.
100 | 4.71 [ 936 | 1638 | 0.21 | 1.43 | 3.15 | 5.57 | 10.05 | 17.18 | 0.62 | 1.96 | 4.01
200 | 6.60 | 9.12 | 12.65 | 0.26 | 1.18 | 2.42 | 476 | 7.37 | 12.08 | 0.19 | 0.78 | 1.80
300 | 2.57 | 7.30 | 11.97 | 0.04 | 098 | 1.97 | 2.41 | 636 | 11.58 | 0.18 | 0.48 | 1.07
400 | 1.18 | 5.15| 9.79 | 0.02 | 0.55| 1.55 | 2.86 | 590 | 11.79 | 0.13 | 0.24 | 0.54
500 | 095 | 4951|1045 | 0.12 | 040 | 0.76 | 231 | 6.12 | 11.17 | 0.14 | 049 | 0.94
600 | 1.50 | 4.19 | 826 | 0.08 | 0.30 | 0.69 | 2.41 | 5.48 823 | 0.04 | 042 | 1.23
700 | 1.77 | 397 | 7.11 | 0.05 [ 0.18 | 0.32 | 2.18 | 4.76 848 | 0.07 | 0.29 | 0.70
800 | 1.63 | 3.80 | 522 | 0.10 | 0.35| 0.86 | 1.81 | 4.18 829 | 0.06 | 0.28 | 0.70
900 | 2.27 | 344 | 505 | 0.00 [ 0.19 | 038 | 1.26 | 3.91 8.07 | 0.12 | 0.28 | 0.49
1000 | 1.49 | 293 | 5.66 | 0.02 | 0.16 | 0.34 | 2.19 | 394 | 7.63 | 0.03 | 0.19 | 0.39
Table 5. The minimum, average and maximum percentage deviations
from the optimum (lower bound) reported for K = 6
U=10 U=1000
n Average Randomized Average Randomized
Min. | Av. | Max. | Min. | Av. | Max. | Min. Av. Max. | Min. | Av. | Max.
100 | 2.57 | 9.88 | 22.02]| 040 | 2.89 | 6.10 | 578 | 10.74 | 1541 | 0.34 | 2.29 | 6.28
200 2.62 | 7.11 | 1037 | 047 | 1.84 | 479 | 225 | 820 | 13.71 | 0.31 | 1.15 | 1.98
300 1.98 | 6.81 | 13.36| 0.38 | 0.99 | 1.67 | 233 | 6.59 | 11.69 | 0.38 | 0.99 | 2.05
400| 3.12 | 6.14 | 10.65| 033 | 0.64 | 1.22 | 418 | 584 | 9.70 | 0.13 | 0.37 | 0.89
500 | (2.94) | (5.36) | (9.29) | (0.20) | (0.60) | (0.93) | (2.10) | (4.68) | (7.94) | (0.11)|(0.54) | (1.52)
600 | (2.29) | (4.89) | (8.25) ] (0.24) | (0.63) | (1.21) | (2.52) | (5.19) | (10.99) | (0.23) | (0.52) | (0.77)
700 | (3.11) | (4.93) | (7.28) | (0.05) | (0.21) | (0.33) [ (3.33) | (5.05) | (7.69) [(0.11)|(0.31) | (0.66)
800 | (1.91) [ (3.91) | (7.84) | (0.14) | (0.37) | (0.83) [ (2.11) | (5.05) | (8.97) [(0.18)|(0.45) | (1.08)
900 | (2.03) | (4.11) | (6.46) | (0.07) ] (0.23) | (0.51) | (3.14) | (4.76) | (10.53) | (0.23) | (0.34) | (0.57)
1000 | (2.60) | (4.65) | (7.82) ] (0.06) | (0.31) | (0.78) | (1.40) | (3.17) | (5.18) | (0.15)](0.19) | (0.78)
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Table 6. The minimum, average and maximum percentage deviations
from the optimum (lower bound) reported for K =8

U=10 U=1000

n Average Randomized Average Randomized

Min. | Av. Max. | Min. | Av. | Max. | Min. | Av. Max. | Min. | Av. | Max.

100 2.57 | 9.88 | 22.02 [ 021 | 143 [ 3.15 | 6.25 | 10.66 | 15.77 | 0.60 | 2.54 | 4.23
200 2.62 | 7.11 | 10.37 [ 026 | 1.18 | 2.42 | 4.69 | 10.01] 1530 | 0.44 | 2.28 | 5.63
300 | (1.98) | (6.81) [ (13.36) [ (0.04) [ (0.98) | (1.97) | (4.55) | (8.98) | (15.26) [ (0.39) [ (1.27) [ (2.60)
400 | (3.12) [ (6.14) [ (10.65) [ (0.02) [ (0.55) | (1.55) | (4.66) [ (7.02) [ (12.06) [ (0.39) [ (1.00) | (2.18)
500 | (2.94) | (5.36) | (9.29) [(0.20) | (0.60) [ (0.93)] (4.80) | (6.40)| (7.67) | (0.13) | (0.62) | (1.03)
600 | (2.29) | (4.89) | (8.25) [(0.24)] (0.63) | (1.21)[3.97) | (5.49) | (7.57) [ (0.35) [ (0.57)] (1.02)
700 | 3.11) | (4.93) | (7.28) [(0.05)[ (0.21) ] (0.33) | 2.13) [ (5.25)| (7.79) [ (0.31) [ (0.54) [ (0.91)
800 | (1.90) | 3.91) | (7.84) [(0.14) [ (0.37) [ (0.83) [ (1.21) | (4.47) | (7.41) [ (0.21) ] (0.40) | (0.90)
900 | (2.03) | (4.11) | (6.46) [(0.07)] (0.23)] (0.51) | (2.55) | (4.25)| (6.40) | (0.10) [ (0.37)] (0.84)
1000 | (2.60) | (4.65) | (7.82) [(0.06) | (0.31) [ (0.78) | 2.60) [ (4.28) | (6.57) [ (0.11)](0.46) | (0.49)

Table 7. The minimum, average and maximum percentage deviations
from the optimum (lower bound) reported for K= 10

U=10 U=1000

n Average Randomized Average Randomized

Min. | Av. Max. | Min. | Av. | Max. | Min. | Av. Max. | Min. | Av. | Max.

100 | 7.40 [13.59] 2127 | 0.73 | 320 | 5.46 | 6.92 [11.57] 17.46 | 0.90 | 3.60 | 7.38
200 | (5.00) | 9.63) [ (13.81) [ (0.97) | 2.14)| 3.44) | 3.15) [ (7.03) | (12.57) [ (1.10) [ (2.61) | (4.71)
300 | (3.50) | (7.13) [ (13.01) [ (0.60) | (1.79) | (4.60) | (3.89) | (8.39) | (14.63) [ (0.59) [ (1.38) | (2.42)
400 | (3.90) | (8.33) [ (17.07)| (0.36) | (1.00) | (2.35) | 3.78) [ (6.71) | (9.93) | (0.38)] (1.07) | (2.46)
500 | (2.92) [ (6.95) | (9.40) | (0.36) | (0.81) [ (1.75) | (4.47) | (6.57) | (10.03) | (0.35) | (1.06) | (1.65)
600 | (3.08) | (5.49) [ (11.11) [ (0.18) [ (0.53) | (1.11) | (4.61) | (6.65) | (10.35) [ (0.49) [ (0.97) [ (1.77)
700 | 3.01) [ (5.15) | (8.83) [(0.43)](0.73)| (1.47) | (2.58) | (5.41) | (8.86) | (0.20) [ (0.94) [ (1.89)
800 3.4 [ (5.00) | (7.57) [(0.18) [ (0.40) [ (0.78) [ (3.23) [ (5.52) | (7.60) | (0.31) ] (0.59) | (1.18)
900 | (2.93) [ (5.30) | (9.01) [(0.22)](0.56)] (1.55) [ (2.79) | (4.71) | (8.32) [ (0.18) [ (0.48) [ (1.54)
1000 | (3.08) [ (5.65) | (8.52) [(0.18)](0.25) | (1.04) | 3.01) [ (4.11) | (5.74) [ (0.16)] (0.23) ] (0.59)

The computational results obtained demonstrate that the randomized algorithm re-
turns better results than the simple K-approximation algorithm Average. Moreover,
when the number of items increases, the performance of the algorithm Randomized
becomes better and the deviations from the optimum are smaller. According to these
tests, one can say that the number of scenarios has the greatest impact on the perform-
ance of the approximation algorithms. The limit on the cost, denoted by U, seems to
have no influence on the quality of the results.
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3. Summary

The resource allocation problem with the discrete scenario uncertainty representa-
tion has been discussed. The minmax criterion was adopted to choose an optimum
solution. We described three algorithms: one exact, a K-approximation and a random-
ized O(In K) — approximation and compared their performance by performing some
computational tests. The exact algorithm, based on the mixed integer programming
formulation, seems to be inefficient for problems with more than 400 items and 6 sce-
narios. The randomized algorithms described are fast and output solutions of good
quality. Thus, they are attractive if the size of the problem is large.
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